
Graph Theory Preliminary Exan 2OO7

Instructions: Do exactly four of the five problems in Part A and clo exactly four of the five problems
in Part B. Indicate clearly which problem in Part A arrd which problem in Part B you have omitted.
Each problem in Part A is valuecl at 10 points, rvhile each problern in Part B is valued at 15 points. Hancl
in eight problerns only. Begin each problern on a new sheet of paper and write on one side of the paper
only. You have six hours to complete the exam. When you are ready to hand in your exarn) assernble
your solutions in numerical order, write you name on the front page, and initial all other pages.

Part A

A1 (10 pciints) For a nonempty forest F. the rainbow Ramsey number n,R(f) is the smallest positive
integer n such that il each edge of the cornplete graph K,. is colored from any number of colors,
then either tt monochrornatic F or a rainbow F is produced. Determine (with proof) RR(I{1.p) for
e a c h i r r t e g e r k ) 3 .

A2 (10 points) Let ,s :  dt ,dz,.- .  ,d, ,  bc a non-increasing sequence of n )  2 posit ive integcrs, thal  is.
d1 )> d2

order rL. That is, state a,nrl prove a theorern of t,he form:

The se<luence s is the degree sequence of sorne tree of order zr i f  and only i f  . . . .

A3 (10 points) Lct ? be a torrrnatnent clf order n ) 6 that is trot strong, a,ncl lct'r,r, ancl u belong to
different, rtotttrivitrl, strong components. Lc't s('rz) and s(u) be the scores of u and u, where (u, u) is
an arc of 7.

(a) Deterrnine (with proof), a^s a function of n, the rninimunr value of s(u) - s(u).

(b) Deternrine (with proof), as a function of n, the maxirnum value of s(u) - s(u).

(c) Srrpposc that ? is now a strong toumatnerrt. What is the srnallcst nunrirer clf Hauniltrxriiur
cycles prcsent in ? trs tr functiorr of rz.

A4 (10 points) Lel G be a locally finite irrfinite graph. That is, G htrs a courrtably infinite vertex set.
ancl eai:h vertex has {inite dtgree. Let G be connected. Prove or clisprove:

(a) If G ha.s a finite set of vertices A such tirat G - y' hrus three or nore infinite components, therr
G rloes not have a (twewtry-inlinite) Harniltonian path.

(b) If G has atr infinite set of vertices A such that G - A has three or rnore infinite cornponents,
tlien G does riot have a (two-wny-infinite) Harniltonian path.

A5 ( i0 points) Prove this theorern. I f  G is a graph of diameter 2, then 
"r(G): 

d(G).



Part B

81 (15 points) Let G be a .r-regurar graph of order 10 a.cr size nt.

(a) what can be declucecl abo,t the planarity of G by co'rparing the 'ur'bers m and 3n_ 6,1(b) Prove or clisprove: There is a planar 2-con.ected 4-regultrr graph of order 10.
(c) show that the 2-connected 4-reg'lar graph 11 of orcler 10 shorv' i ' Figure 1 cloes not contai'Ks as a subgraph but does contain 1{s as a minor. what can you conclude from this?

1t4 'u3

Figure 1: A 2-connected 4_regular graph of order 10

(d) Prove that if G is agraph of ordern ) 5 and size rn) J7p,- 5, the' G is rreed not contain -I(5^s tr subgraph but must contain a s.bgraph with rni.irnur' cregrec 4.
82 (15 points) For tw'trortempty graphs F1 ancl F2, let r(F1,F2) rlerrote t5e Ramscv nur'bcr of ,p1and F|.

(tr) L.t F a'cl 1/ be two ttonentptv graphs, where :r e v(F) anrl y e v(H). s,ppose ilrnt r./ isi sornorph ic  to  "F  - r  ancr  j J ' i s  i sornorph ic  to  H -y .  p rove  tha t  ' (4  ny  a , r1 r , ,H)+r (F , r I , ) .
(b) Lrse (a) to give an uppcr bouncl for r . (K3,K.1).

I}3 ( i5 points)

(a) show that the cubic graph 1(3,3 hns 'nowhere-zero 3-flow b't rro nowhere-zero 2-flow.
(b) Shorv that the crrbic graph K: x 1f2 has a nowhere-zero 4-flow but rro nowhere-zero 3-flow.(c) It is kttorvlt that the Petersen grtrph is a nonplanar graph. show, h'rvever, that ihe peterserrgraph can be embeddecl on the torus.
(d) use (c) to show that thc petersen graph has a nowh ere-zero 5-flow.
(e) Prove that the Pctersen graph cioes not liave a 'owirere-zero 4-flow.

84 (15 points) Let G ancl its cornplenient G both be corrnectecl graphs with order rr, ) s.
(a) Pro'e that if the cliameter of G is at least 3, then the dianreter of its cornplement is at rnost 3.(b) what rliatneters are possib)e for self complernerrtary graphs with at least 3 vertices?
(c) If the <iiameter of G is 2, what is the smallest and largest diameter of its cornplement G.eXpreSSed in terms Of n ' /  
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'tf (
D L t (15 points) Denote the clique nurnber of a graph G of order nby w(G) and the inrlependence nutrber

of G by B(G).

( a )  L e t  k >  2  b e a n  i n t e g e r .  F o r e a , c h  i n t e g e r  i  w i t h  1 <  i  <  2 k + 1 ,  l e t  G ,  b e a c o p l ,  o f  K a .

Then the  graph G o f  o rder  Zk2 +k  is  ob ta ined f rom the  graphs  Gt ,Gz, ' . . ,Gzk t , t ,Gzk+z:  Gt
by joining each vertex in G1 to every vertex in G;11. Determine XG) with explartation and

determine whether G is perfect.

(b) I i  is known that
, (G)  5  x (G)  <  n  -  l t (G)  *  1  I  n .

Shorv that 1(G) can never be closcr to n tlian to c..,(G). In particular, use induction on the

nonnega,tive nunrber ly(G)l - r(G) to prove that

x(G)  s r r  
+u ' (c ) .

a

(c) It is also known that 1(G) can never be closer to n - pp) + 1 than to c..'(G); that is,

X(G)  S
, , , ' (C)+n-0 (G)+ t

( 1 )

[Do not prove (1).] Use (1) to verify the Nor<lhaus-Gadclurn T]rcort:m: If G is a griiplt of orcler

r i ,  then x(G) + x(G) S n t  r .


