ANALYSIS COMPREHENSIVE EXAM
Do 5 of the following problems. March 8, 2007

This is a 8 hour exam.

1) Let f, be a sequence in L?0,1] and let f € L*[0, 1].

(a)  Give definitions of f, converges to f € L?[0,1] in mean and weakly.

(b)  Prove that if f,, converges weakly to f and lim, . ||f.|2 = || f]|2 then f, converges

to f in mean.

(¢) Is the converse of (b) true? Justify your answer.

2) Let f:(0,1) — R be a Lebesgue measurable function bounded almost everywhere. Show
that there exists a unique number r such that
(a)  p({ze€(0,1): f(z) =r}) =1/2, and
(b) forany s >r, u({x € (0,1): f(z) > s}) <1/2,

3)  An extended real valued function M on sets is subadditive if M(AUB) < M(A)+ M (B).

(a)  Show that outer measure is subadditive on the subsets of R.
(b)  Fix a bounded interval I C R and define the inner measure of A C I as

m«(A) = sup [([,).

ul,CcA
Here each I, is an open interval contained in I. Is m, a subadditive function on the
subsets of 17

(¢c) Give a class of measurable subsets of a nontrivial bounded interval I whose inner

measures do not equal their outer measures.

4)  Consider the set £ = {(z,y) : y >z, x,y € [0,1]}. Recall that a base for the o-algebra
of product measurable subsets of B = [0, 1] x [0, 1] is the set C of products of intervals I x .J
where I and J are intervals contained in [0, 1].

(a)  Show that E is a F,; of elements in C.

(b)  Use this to show that for any Lebesgue integrable function f(z,y) on B with the

product measure, f is integrable on E and

//Efd(u X i) = /M - Flz,y) duly) du(z).

5) Let f:[a,b] — R be integrable and for every ¢ € [a, b]

f(x)dx = 0.

[a,c]

Prove that f(x) = 0 for almost all x € [a, b].
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6)
(a)  State a definition of convergence in measure for a sequence of measurable functions
(b)  Let a sequence {f,}, of functions in L?[0, 1] converge to f in measure and assume
that for some constant K

Ifl <K Vo
Show that {f,}, converges to f weakly.

7)
(a)  State a definition of continuity for functions f : [a,b] — R

(b)  Show that f is continuous on [a, b] if and only if for any r € R the sets {x € [a, ] :
f(z) >r}and {x € [a,b] : f(z) < r} are closed.

8)  Let X be a linear space and let || - || and || - [|; be two norms on X so that both (X, |||

and (X, || -]|1) are Banach spaces. Suppose that there is a positive constant « such that

l|z|| < allz||; for all x € X. Prove or disprove that there is a constant 5 > 0 such that
|zl < B|z|| for all z € X.

9) Let f(x) be an absolutely continuous function on [a, b]. Prove or disprove that f(z) can

be written as the difference of two strictly increasing absolutely continuous functions.



