
Algebra Preliminary Exam
December 1.7. 2003

In.structions: Do all nine problems. You will haue sir hours for this et:am.

1. Let P be a p-Sylow subgroup of a group G and let // be a subgroup of G containing P

. , .  ( a )  S h o w t h a t i f  P  < H a n d  H < G ,  t h e n  P  < G .
;-" (tr) Show that N6(N6(P)) : Nc(P).

Let,R be a commutative ring with l. \f M is an R-nrodule, let End6(M) denote the set of
.R-rnodrrle homornorphisms from M into M.
(a) Show thab End p(.&1) is a ring (not necessarily corrrrnutative) with 1- (You nrust deline the

operat.ions on End nQA).)
(b) Show that End n(n) = .R a-s rings-
(c) Generalize (b) to End s(Il/I), whcre 1 is an ideal in R.

Lol, f l b,' a tornmutative' rirrg iurd 1 arr idcal irr 1?. Thc ratl ical t/ l  of 1 is defincd by

Ji  :  { ,  €  Rlr " 'e  l  for  sonre in teger  nr .  > 1}

An ideal ,l of R is called a radical icleal (or just radical) it J - fi.
(a) Prove that r/7 is an ideal in -R.
(b) Prove that every prime ideal in Il is radical.
(c) Prove that r/7 is radical.
' d )  

S r rppose l? i sno t [hcze ro r i ng .  P rove tha t l i s ra , c l i ca l i f  andon l y i f  R / I  hasnon i l po ten t
clerncnts.

Let K be the splitting field of 16 - 25 over Q. Deterrnine Gul(KlQ). Explicitly determirre all
subfields of K, giving generators over Q. Indicatc which are Galois over Q.

LeL K be an extension field of a field fl and suppose a e K is algebraic over F. Prove that
,F(tr) = F[rllff@)), where /(r) is arr irreducible, rnonic polynomial of degree n, > I satisfying

"f 
(o) : 0. (NOTE: You may not presume the existence of such an /(c) e f[o].)

Let 1l and .9 be commutative rings with identity, and let M pe a module for R.
(a) State and prove a condition on M in order flor M to y1e,cyclic. (Recall that a module is

cyclie rf it is generated by a single element.) { v.'
( b )  Le t  { :R -+  Sbeasu r j ec t i ve r i n6 ;homomorph i s r i r .  P rove tha ts i sacyc l i cR-modu le .  i ,
(c) Now give an example of a ring Il and an B-rnodule M f<>r which M is not cyclic.

For four subgroups A,B,A',8' of agroup G, let l '  < A and B' < B.
(a)  Show that  A '  nB < An B,and that  A '  < (An B)A' .
(b)  Show that  (A '  o B)(A n B' )  < (An B).
(c) Show that (A i B')A' < (A n B)A/. (HINT: Define a homomorplristn

$  :  An  B  -+  (An  B )A ' f  A ' ,

and then considenb(An B' ) (A 'n B)) ]
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