
lnstructions: Do

Graph Theory
Preliminary Exam

31 Mery L997
9:00 a .m.  -  3 :00 p . ru .

all ten problems.

1. (6 points) Prove th:rt  i f  G is a (connected) graph u' i th t i i ; rnt G > 3,

then the clominatiorr nttruber of its complement G is 2.

2. (8 points) Let G be a harniltonian graph of order at least 4 such that

G - u is hamiltonian fol every vertex u of G. Prove that f or evel'Y proPer

subset S of '  velt ic;es of G u' i th ls l  > 2, k(G - S) S lsl  -  1. [Note: Recal l

that k(H) denotes tfie nurnber of components of a gr-zrpli /1.]

o
J . (8 points) Let T bt: a tree of order at least 5, atld

E(T) .  Let  G -  T  *  { . r  ,€2 , " ' ,€s} .  Prove that  i f  G

subdivision of 1{r.:, then G is planar.

l e t  e1  . , €2 r '  ' '  . e5  €

c locs not  conta i t t  a

4. (B points) Let G be a lloncolnplete gral>h of order rt trttcl <:ottttcrr:tivitv

A. such that deg ,, > {ff for some integer t > 2. Sltriu' tlrat if S is ir

vertex-cut of r :ardirral i ty rc(G), then G - S has at r t tost f  cott t l>ottett ts.

5. (8 points) Let G be zr, critically k-chromatic graph for sorue k > 2 witir

the property that everv proper inclucecl srrbgraph of G is pr:r{irct. Prove

that G is perfect if nncl only if G is complete.



6.  (10 po in ts )

(") Let, G be a graph of order n ) 4. lf deg t, > a+ for every vertex u of
G. t l ren prove th;rt  every edge of 'G belongs to ;r  cornplete srrbgraph
of olcler 4.

(b) Show that the result in (a) is best possible in genertrl by shor,ving
that ?* cannot be replaced by f;.

7. (10 points) A tournarlent T of order at least, 6 ha,s tht: proper.ty that
every vertex of 1' belolgs to a 3-cycle but to no cycle ol' lerrgth greater
than 4. Show that if u arrd u are vertices of 7 such tirat o<l 'u - o<l u * 1,
tlren 7 contains both a, directed u - u path ancl :r. directe<l u - tt, path.
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9.  (14 po ints)

(u) Petr:r'serr's t,heolern states that if G is a bridgeless t:ubic graph. then

G has a l-{'ar;tor. Shou' that Petersen's t}reorenr can be extenr,letl
somcwhat lr1' proving that if G is a bridgeless graplt all of u'hose
verticcs have rlegree 3 except one. rvhich has degree 7, then G has a
1-factor.

(b) Prove that t i re result  in (a) cannot bc inrprovecl l , ) .  shorving that
there exists a briclgeless graph u, i th clegree set {3.7} corrtaining ex-
actll ' t lvo vertices of clegrt'e 7 ancl no 1-{irctor.



10' (14 points) A graph G is obtained from l i6 by delet ing three indepe'clent
edges.  Let  V(G)  :  { r ,  ,a2 , . . . .u6} .  The 6- tup le  (nr , "nr , . . . , ra )  o f  cyc l ic
permutations defined by

lTr :  (3456)  ,  7 (2 : (3405)  ,7Tr : (1256) .
7,4: (2165) ,  r is :  (21J4), 16 :  (124J)

clescribes a 2-cel l  embedcl ing of G on Sp.

(") What is A?

(b) Is f t  the genus of G? Explain.

(, ,)  Is f t  the maximrrnr genus of G? E_xplain.

(tl) Determirte, with explanation. all surfaces orr which G can be 2-cell
ernbedcled.


