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Graph Theory Preliminary Examination
NIay 25, 2001

Part A: Do 4 out of the fol lowing 5 for 10 points each.

1 . Let S be a f inite nonempty set and let { 5,}"65 be a col lection of subsets
of S (thus there is one subset S, for each elernent r € S) having the
following two properties:

(i) * ( S, for each r € ^9;

( i i )  i f  ! /  €  S, , then z € S,  for  a l lu ,z  €,5.

Prove that there is an even numberof subsets in the collection {S,}".s
having odd cardinali ty.

2. Let G1 and G2 be two fr-connected graphs, rr,'here k ) 2, ancl let $ be
the set of all graphs obtained by adrling A edges between C)1 and G2.
I)etermine max{rc(G) : G e S}, rvhere rc(G) is the connectivity of a
graph G.

3. Let 7'be a tournarnenb with t lre propert,v that every vert,ex of 7' be-
longs to a direcl,ed l i-cycle. Let z and u be dist inct vert ices of7. Prove
that i f  lod u - od ul < l ,  thern 7'contains both a <l irected tr - u Jrath
andad i rec tedu -upa th .

4. Determine the Ramsey nurnberr(Ca, K3).

5a. Define the n-cube Qn, for rz € N.

b. Show that Qa = Ct x 6'r, the Cartesia,rt proclttct o[ two 4-cycles.

c. Shorv that 1 < 
"(Qn) 

( 8, vrhere z clenotes the crossing nurnber.



Part B: Do 4 out of the fol lowing 5 for 15 points each.

1 .  Le t  G be  a  g raph w i th  l z (G)  :  {0 ,  1 ,2 ,3 ,  4 ,5 ,6 ,7 }  and le t  {n .6 ,  7T1, ,1T2,7Ts,
7T4, iTs,16 ,nr j  descr ibe a 2-cel l  embedding of G on the srrr face S4, where

2.6 :  (1  3 2 7 5 6) ,
11  : ( 243067 ) .

r 2 : ( 354170 ) ,
13 : (465201 ) ,

; r a : ( 5763 I2 ) ,
n5 : (6A7423 ) ,
n6 :  ( 7  10  5  3  4 ) .
n7 : (021645 )

C .

d .

e .

II. f.

I. a. Show that G is a Cayley graph for the grolrp | : Zs and gener-
a t i ng  se t  A :  { 1 ,2 ,3 } .

b. Find G.

Use G to describe C-,'.

Why is Zs a subgroup of Aut(G)?

Make a good guess for lAut(G) l .

Find k (where G ernbeds on .9* as described above) Hint: just
calculate the two orbits beginning 0-1- and 1-0- and note that the
cyclic nature of the rotatiorral embedding scheme forces a,ll ot,her
orbits to have the sarne lerrgth.

g.  F ind  gen(G) .

h. Find genaa(CJ).

i. I, ' ind all integers rrz so that C 2-cell embeds orr S-.

A partial balanced incomplete block desi(tn (V, B) of orrler n wi1,lr block
size k is an n-set f /  togethcr with a set R of A-subsets (cal led blocks\
of I/ such that every pair of elenrents o[ B occurs in at most one block
of B. One can view such a partial design as a partition of a subsert of
the edges of Kn into copies of 1{6.

A part ial  balanced incomplete block design (V, u) is said t '  be Jini tety
embedded irr a balanced incomplete block design (1/', B') of orcler t' if
V C V' and B C Bt.  That is,  ( I i ' ,  Bt)  is a part i t ion of the edge set of
K" into copies of Kp in which the copies of /{* in the original design
are preserved.

Show that every partial balanced incomplete block design can be finitely
ernbedded.

Suppose that the edges of a graph G are properly colored rvil,h colors
f rom the  se t  {1 ,2 , . . . , k } .  Le t  f  be  a  p roper  edge-co lo r ing  o f  (J ,  and
let c; denote the number of edges of G colored i in the coloring I'. We
say that f  is an equal ized edgecolor ing i f  lc;  *  cr l  {  1,  for al l  pairs i ,7,
where 1 < i, j < k. Prove that if G admits a proper k-edge-coioring,
the G admits an equalized, proper k-edge-coloring.

2.

.),



4. I'et G be a graph with domination number ?(G) > 2 ancl let s be a
minimal dominating set of G such that <s> is connected. pro'e that
for each vertex u € S,there exists a vertex u e V(G)_ S such that u
is adjacent to u but z is adjacent to no vertex in S'_ {u}.

5. Let G be a graph with no even cycles.

a. Prove that no cycle in G can contain a chord.
b.  Determine max lE(G) l  as a funct ion of  n :  lV(G)1.


