
Algebra Preliminary Exam
March 3. 2006

1. Let G bc a group.

(a) Suppose ttrat A and B are norrnal subgroups of G so that G : AB and An B : {e}.
Strorv t,hat G = Ax B.

(b) Show that if lGl : p2 for some prime p then G is abelian.

(c) Classity all groups of order 1225.

2. A srrbgroup .I/ of a group G is called cltaro"ct,eri.stic in G if every automorphisrn of G rnaps F/ to
itself. The cnrnrnutator subgroup G' of a group G is ttre group generated by all commutators
in G, i.e., by all elernents of the form a*rb-rob with a,b e G. lf It is a subgroup of G
then the Focal su,lt(trou,p of /1 with respect to G is [{* : {lL-rhslh, € l{,lf e II,9 € G}. Herc
h.e : g-rhg.

Let G be a group, and II a subgroup of G. Prove the following staternr:nts.

(a) Every charactcristic subgroup is a nornral subgroup.

(b)  G' {  G, : rnc l  GIG' is  abel ia ,n.

(r) H' is a subgrorrp of H..

(d) f{. { Il and I{ lH. is abelian.

(e) tf 1( is asubgroupof G such that 1/. q K C /1 then K < I{ anrl I{lK is atrelian.

3. Lct /? be a PI D.

(a) Show that cvery nonzero prinre idcal of .R is maximal.

(b) If ,S is an intcgral domain and Q : R - 5 a surjective ring homomorphisrn, shclw that
either y'' is a1 isonrorp6isrtt or S is a field.

(c) Show bhat if rt[r] is a PID, then,f? is a field.

4. (a) Let n be a positive integer. Show thatZlnZ is a field if and only if n is prime.

(b) Construct the 4-elemettt field iFa by exhibiting its addition and rnultiJrlication tables.

5 .  (a )  Show L ln tZ f rnZSzZ lnZ :  {0 }  i f  gcc l (m ,  n ) :1 .

(b) Characterize ZlrnZ@vZf nZ in general.

(c) If G is a finite abelian group and G &vZlTtZ: {0} for all primes p, show that G : {0}.
Does the result remain truc if G is infinite?

6. If M is a finitely generated nrodule over a fi,eId K, prove that every subrnodule of M is free,
and bhat every quotient of M is free.

7. let E be ttre splitting field of 16 - 17 ovcr Q.

(a) Find the Galois group G of E over Q and identify it with a well-known group.

(b) Find a subfield F of E such that E has dimension 2 over F, and F is Galols over Q.
(Hint: Consider the center of G.).


