Reasoning with
Trigonometric Functions

In Unit 2, “Modeling Motion,” you learned that projectile motion such as the path
of a baseball or golf ball is the sum of a horizontal and a vertical component.
When the initial velocity is V and the angle of elevation is 6, the initial magni-
tudes of the components are V cos 6 and V sin 6.

Vsin 0
0

Vcos 0

Ignoring air resistance, the height (in feet) of the projectile after ¢ seconds is given by
h(t)=(Vsin0) - r+ (16¢ - £ sin 270°) or h(¢) = (V sin 0) - — 16¢2. While in the air, the hor-
izontal distance (in feet) the projectile travels in ¢ seconds is given by d(t) = (V cos 0) - «.

Athletes are often interested in the value of d(#) when h(zr) = 0. That is, they
are interested in how far the baseball or golf ball will travel before it returns to
the ground. This distance (in feet), called the range, is given by

R(®) = V2 cosi;) sin 0

where V is in feet per second.

Consider a golfer who consistently hits the ball so that it leaves the tee with
an initial velocity of about 110 ft/sec.

© Explain why i(r) = 0 when 7 = 0 and when ¢ = %.
@ What is the range of the golf ball when hit at an angle of 30° to the ground?

© To get a longer hit than that in Part b, should the golfer increase or
decrease the angle of the hit? Why?

@ What angle of elevation do you think would produce the longest hit?
Explain your reasoning.

@ Describe the graph of R(8) for a fixed initial velocity of 110 ft/sec.
@ Compare the graphs of R(0) and f() = sin 6.
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INVESTIGATION 1

LESSON 2

The range function R(0) involves the product of two trigonometric functions.
This product can be expressed in an equivalent form as a single trigonometric
function with which you are familiar. In this lesson, you will develop key trigono-
metric identities which are useful in making such transformations.

Extending the Family of Trigonometric
Functions

In Contemporary Mathematics in Context, Course 2, the trigonometric functions,
sine, cosine, and tangent, were defined as ratios of the lengths of sides of right
triangles. Later the definitions for sine and cosine were extended to permit angles
greater than 90° and angles less than 0°. These ideas and the definition of the tan-
gent function are formalized below.

Consider any point A(x, y), other than ya
the origin, in a coordinate plane. Let 6 be
the measure of the angle determined by
rotating a position vector of length r from 0
a position along the positive x-axis to its / \
position OA. If the rotation is counter-
clockwise, 0 is positive; if clockwise, 0 is
negative. The trigonometric functions are
functions of 0 and are defined in terms of Alx, y)
X, vy, and r where r =V x%+ y2, the length
of OA, as follows:

\ 4

sinf =2 cosfh== tanO =2 x#0
r r X

For convenience, 6 will be used to denote both an angle and its measure. It will
be clear from the context which meaning is intended.

1. For this activity, assume that 8 is an angle in standard position in a coordi-
nate plane with its vertex at the origin and its initial side along the positive
x-axis, and that A(x, y) is a point on the ferminal side of the angle.

a. Sketch 6 and find sin 0, cos 0, and tan 6 for A(x, y) when the coordinates
of point A are as indicated.

i. 3,-2) ii. (-4, -3) iii. (2,5) iv. (-3, 4)
b. Examine your results in Part a. Whether the value of a trigonometric func-
tion is positive or negative depends on the quadrant in which the terminal

side of 0 lies. For each quadrant in which the terminal side of an angle may
lie, determine

B the corresponding range of angle measures for 0; and
B whether sin 0, cos 0, and tan 0 are positive or negative.

Summarize your findings in a chart similar to the one on the next page.
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A
Quadrant II ’ Quadrant I
<< ___° 0°<6<90°
____ <0< ___radians 0<0< % radians
sin 6 >0 sin 6 >0
cosh 0 cos >0
tan® — 0 tan 6 >0
* Quadrant IIT Quadrant IV ;
<< ° "< 0<360°
<0< ___ radians __ <0< 2rmradians
sinf — 0 sin — 0
cos___ 0 cos____ 0
tan® — 0 ! tan® — 0

c. The chart in Part b does not consider the values of sin 6, cos 0, and tan 6
when the terminal side of 8 is on the x- or y-axis.

B For what values of 0 is its terminal side on the x-axis? What can you say
about values of sin 6, cos 0, and tan 0 in these cases?

B For what values of 6 is its terminal side on the y-axis? What can you say
about values of sin 6, cos 0, and tan 0 in these cases?
2. Now suppose A(x, y) is a point, other than the origin, on the terminal side of
an angle 0 in standard position, and V x* + y>=r.
a. Find the coordinates of points A’, A”,
and A” where:
B Point A" is the image of point A
reflected across the x-axis.

B Point A” is the image of point A
reflected across the y-axis.

® Point A” is the image of point A
rotated 180° about the origin.

Why are points A’, A”, and A” on the
circle with center O and radius r?

b. Assuming each angle is in standard position and mZAOC = 0, express
mZA’0OC, m£A”OC, and m£A”OC in terms of 6.
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LESSON 2

C.

Investigate how knowing the value of one of the trigonometric functions
of an angle 6 permits you to find values of the other two trigonometric
functions. Assume the terminal side of 0 is in the first quadrant.

B If sin O = %, what other angle (in a different quadrant) has the same
sine? Find the cosine and tangent for both angles.

B IfcosO= %, what other angle has the same cosine? Find the sine and
tangent for both angles.

B Iftan 6 = %, what other angle has the same tangent? Find the sine and
cosine for both angles.

. Use reasoning similar to that in Part ¢ to complete the following:

B If sin 0 = —% and 0 is in quadrant III, what other angle has the same
sine? Find the cosine and tangent for both angles.

B If cos 6 = —% and 0 is in quadrant II, what other angle has the same
cosine? Find the sine and tangent for both angles.

B Jftan 0 = —% and 0 is in quadrant II, what other angle has the same tan-
gent? Find the sine and cosine for both angles.

For any given position vector with length r, the terminal point of the vector is
always on a circle of radius r. Thus, the coordinates of the terminal point are
functions of the cosine and sine of the direction angle of the vector: x = r cos 0
and y = r sin 0.

yA . yA
(rcos 0, rsin 0) (cos 0, sin 0)

In the case of a unit circle, a circle with radius 1 as above on the right, the coor-

dinates are simply x = cos 6 and y = sin 0, and tan 6 = % =

sin 0
cos 0’

cos 6 #0.

3. The relationship between points on a unit circle and the values of the cosine and
sine functions can be used to help sketch graphs of the trigonometric functions.

a.

Sketch graphs of y = cos 0 and y = sin 6 for -2t < 6 < 2w by imagining the
terminal point of a position vector rotating about a unit circle. Check your
graphs against calculator- or computer-produced graphs and resolve any
differences.

. Sketch a graph of y = tan 6 for —2n < § < 21 by reasoning with the rela-
tionship tan 6 = % and your graphs of the sine and cosine functions.

Compare your sketch with a calculator- or computer-produced graph and
resolve any differences.
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c. How is the information you gathered in Activity 1 Parts b and c related to
the graphs?
d. For each of the three trigonometric functions:
B state the domain and range;
B state the period.
4. You can use the graphs you produced in Activity 3 to aid in reasoning about
the solutions of trigonometric equations.

a. How many values of 8 satisfy the equation cos 6 = %, where 0 < 6 < 21
radians? Explain your reasoning.

b. Use the inverse cosine (cos™) function on your graphing calculator to find
a value of 0 so that cos 0 = % Find any other values of 8 between 0 and 21
satisfying this equation.

¢. Solve each equation below for all values of 6, 0 < 6 < 2.

i. sin 6 = ii. cos 0 =-0.7
iii. tan 6 = 0.5V2 iv. sin 0 =2

d. Explain why, if a trigonometric equation involving sin 6, cos 6, or tan 6 has
a solution, then there is usually a second solution on the interval 0 < 6 < 2.

e. What types of trigonometric equations might have more than two solu-
tions on the interval 0 < 0 < 2n? Fewer than two solutions?
The reciprocals of the three trigonometric functions, sin 6, cos 6, and tan 0, give

a new set of trigonometric functions called the reciprocal functions.

1

cosecant (csc): Sno = Cs¢C 0
R S

secant (sec): o = Sec 0
R S

cotangent (cot): e cot 0

5. Explore the graph of y = sec 6 for —2n < 6 < 2m.

a. Make a sketch of the graph of y = cos 6 and of its reciprocal function
y = sec 0 on the same set of axes. Identify common points.

b. Identify the values of 6, —21 < 6 < 2m, for which y = sec 8 is not defined.
How is this revealed in the definition of the function? How is it seen in the
graph of the function?

c¢. Describe the range of y = sec 0.

d. Is the function y = sec 0 periodic? If so, give the period. Why does this
make sense in terms of the definition of the function?

e. Explain how you can quickly sketch the graph of y = sec 6 by remember-
ing the shape of, and key points on, the graph of y = cos 6.

6. Repeat Activity 5 for the function y = sin 6 and its reciprocal function y = csc 6.

7. Repeat Activity 5 for the function y = tan 8 and its reciprocal function y = cot 6.
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8. Investigate how reasoning with the reciprocal trigonometric functions is sim-
ilar to reasoning with the trigonometric functions themselves.

a. Sketch a right triangle with sec 6 = 2. Evaluate the remaining five trigono-
metric functions of 6.

b. Sketch two position vectors such that csc 8 = 2. Find the remaining
trigonometric function values for the direction angle of each vector.

c. Sketch two position vectors such that cot 6 = —1. Find the remaining
trigonometric function values for the direction angle of each vector.

d. Find all solutions to each equation below on the interval 0 < 6 < 2. Com-
pare the procedures you used with those used by others.

i. csc0=4 ii. sec 0 =-2 jii. cot0 =13

Checkpoint

LESSON 2

Suppose A(x, y) is a point on the terminal side of an angle 6 in standard
position and r is the distance from point A to the origin.

© Write the definitions of the six trigonometric functions in terms of x, y,
and .

@ For what values of x and y are each of the six trigonometric functions
not defined? What values of 8, —21 < 0 < 2m, are associated with those
values of x and y? What values of 6, —360° < 6 < 360° are associated
with those values of x and y?

@© Explain how sketches of the graphs of y = sec 0, y = csc 6, and y = cot 6
can be obtained from examination of the graphs of y = cos 6, y = sin 0,
and y = tan 6, respectively.

Be prepared to compare your definitions of the trigono-
metric functions and their domains and your graphing
methods to those of other groups.

On Your Own

Use symbolic reasoning to complete the following tasks.

a. Suppose sin 6 = —15—3 and 0 < 6 < 2n. How many solutions are there to this
equation? Find all the solutions.

b. Suppose sin 6 = % and cos 6 = —%. How many values of 6 between 0 and 27
satisfy both equations? Find all such 6.

c¢. Using the definitions of the trigonometric functions recorded at the Checkpoint:

B Prove that tan 6 = 2% cos 6 # 0.
cos 0

B Prove that cot 6 = cs?;g sin 6 # 0.
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One important aspect of trigonometry is the use of many formulas expressing
interrelationships among the trigonometric functions. The quotient formulas
tan 0 = zg;g and cot 0 = Zi’jg are examples of trigonometric identities. An identity
is a statement that is true for all replacements of a variable for which the state-
ment is defined. You have seen other identities in your previous work in algebra.
For example, a - %: 1 is an identity for all nonzero real numbers and log (ab) =
log a + log b is an identity for all positive real numbers. Examples of identities
involving all real numbers are a(b + ¢) = ab + ac and (2x + 1)?> = 4x> + 4x + 1.

Identities are useful because they permit you to rewrite expressions so that
they are more recognizable and often easier to interpret or work with in solving
equations. Consider again the rule given at the beginning of this lesson (page
458) for the number of feet that a projectile will travel.

R(6) = V2 coslg sin 0

For a fixed value of V, R is a function of 0, the angle of the projectile.

The fact that R(6) involves the
product “cos 0 sin 6” makes it difficult
to visualize the shape of its graph or

where it may have a maximum or PR
minimum. In Modeling Task 1 (page -

472), you will establish the identity | D 0

2 cos 0 sin 6 = sin 20, or, equivalently, L/

cos 0 sin § = Sh‘%. Using this identity
you can rewrite R(0) as %, which
is an easier form to interpret.

There are many additional useful identities involving trigonometric functions.
You will examine several of the basic identities in this investigation, and you will
learn how to prove that a statement is an identity.

1. A key identity you encountered in your previous study is the statement
(sin 0)? + (cos 0)? = 1. For simplicity, (sin 8)? is often written sin” 6.
a. Describe the graph of £(0) = sin” 0 + cos’ 0.

b. sin® 0 + cos” 0 = 1 is called a Pythagorean identity. Prove this identity using
one of the diagrams on page 461. Explain why the name of this identity is
appropriate.

c. Is sec’ 6 —tan® © = 1 an identity?

B If so, use the definitions of secant and tangent to prove it. If not, pro-
vide a counterexample.

® Prove it beginning with the identity sin?> § + cos®> 6 = 1.
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d. Is tan? 0 + sec” 6 = 1 an identity? If so, prove it. If not, explain how you
know.

e. Iscsc? 0 —cot® O = 1 an identity? If so, prove it. If not, explain how you know.

You now have at your disposal eight fundamental relationships that you can use
to rewrite trigonometric expressions in equivalent forms.

Fundamental Relationships

Reciprocal Identities Quotient Identities Pythagorean Identities
cscO=—1_sin0=20 tan0=""% cos0£0 sin20+cos2O=1
sin 6 cos 6
secO=—"cos0#0 cotf=29 sin0=0 1+tan20=sec?9
cos 6 sin 0
cot®=—"_ tan0 =0 1 +cot? 0 =csc’0
tan 0

2. Suppose that in solving a problem you encounter two expressions, for exam-
ple, sin? 6 and (1 —sin” 0) « tan? 6, and you want to determine whether or not
they are equivalent for all values 6 for which both expressions are defined.

a. How could you use tables to support or contradict the claim that the equation
(1 —sin® ) - tan? 0 = sin® @ is an identity?

b. How could you use graphs to support or contradict the claim that the equa-
tion is an identity?

c. Definitions and fundamental identities can be used to show that one
expression can be transformed into the other. Justify each step in the fol-

lowing reasoning chain.
(1 —sin? 6) - tan2 6 = (1 — sin2 §) » 320
cos~ 0
sin® 0
cos® 0
=sin’ 0

=cos? 9 -

d. Explain why the symbolic reasoning used above proves the equivalence of
sin? @ and (1 — sin? ) - tan? 0, while the approaches involving tables or
graphs only make it plausible that the equation is an identity, but do not
prove it.

Proving an identity involves a symbolic reasoning strategy in which each step can
be justified by citing a definition or previously proved identity. The reasoning
strategy used in Activity 2 Part ¢ was to transform the left and more complicated
side of (1 — sin? 0) * tan? @ = sin? @ into the simpler right side using known facts.
Sometimes it is helpful to transform each side of a proposed identity indepen-
dently into a third equivalent form, as illustrated in Activity 3.
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1
1 +tan’ 0’
which the expression on each side is transformed independently of the other.

The vertical line is used to emphasize this fact.

3. Study the following proof of the identity (1 — sin 0)(1 + sin 0) =

(1 — sin 0)(1 + sin 0) !

1 +tan® 0
_ sin? 1

1 —sin” 0 e
1, 1

sec secH

cos 6 - cos 0

cos? 0

cos? 0

Since each step on the right side can be reversed, it follows that
(1 —sin 0)(1 + sin ) = —!

1 +tan? 0’
a. Justify each step in the independent manipulations of each side.
b. How does the fact that each step on the right side can be reversed complete
the proof of the identity?

c¢. Why would it be inappropriate to treat the proposed identity as an equa-
tion and then use associated properties of equality to prove it?

4. Now consider the identity tan 0 - sin 6 = sec 6 — cos 6.

a. Prove this identity by showing each side is equivalent to %.

b. Prove this identity by transforming the right side into the form on the left
side.

c. Look back at your two proofs. Which proof strategy do you prefer in this
case and why?

5. Decide whether each of the following equations is or is not an identity. If an
equation is an identity, use symbolic reasoning to prove it. If not, provide a
counterexample.

a. sec 0 —tan 0 sin O =cos 0

b. tan® 6 — 2 sec 0 sin 6 = tan O (tan 6 — 2)

c. cotO =cosBcscO

20 _ 1-cos?
d. tan” 6 = o0
e.csc2@—secth=1
f. sec2 O = sin? 0 + cos? 0
: cos2 0

_ cosO—sin6

g. 1—tan(5)—4Cose
h. (1 —sin? 0)(1 + tan? ) = 1

i o
.

cos (0, + 6,) =cos 6, + cos 0,
jo 2sin?0—1=1-2cos’>9
K. sin 0 (csc 6 — sin 0) = cos

tan 6 — cot 6

L. sec?2 —csc? =140
sin 6 cos 0
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Checkpoint

Trigonometric identities are special types of equations involving trigono-
metric functions.

Q How is a trigonometric identity similar to, and different from, an alge-
braic property like the associative property for addition?

@ How is a trigonometric identity different from a trigonometric equation?

@© Explain why examining tables of values and/or graphs of functions is
not sufficient to prove an equation is an identity.

@ Describe how you would prove an equation is an identity.

Be prepared to share your comparisons, explanations, and
descriptions with the entire class.

On Your Own

Prove each statement is or is not an identity.

! c0s O — tan @ b. sin ="V 1 —cos? 6

“ cosfsin® sinh

1+cosh d. cos? 0 —sin2 0 =cos? 9 — L

c.csc O +cotb= n 6 3
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