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Exponential Decay
This lesson engages students in analysis of situations

where some quantity of interest decreases by some constant factor as each unit of
time passes. Since the factor change for a function that decreases is a fraction
between 0 and 1, exponential decay is likely to be a bit more challenging for stu-
dents than the previous lesson on exponential growth.

The experiment at the beginning of the lesson is designed to illustrate visually
one of the common settings for exponential decay—removal or diffusion of some
pollutant. You could derive a mathematical model for the pollution remaining after
n days, or the change from one day to the next, but since there is an element of ran-
domness involved in this process, it is probably better to begin looking for an alge-
braic rule with the other, more well-behaved, examples that follow.

If you actually do this experiment you will get better results using large numbers
of beans of two colors, removing two small cups at a time. Students do not actual-
ly have to count the beans which are removed. It is enough for students to under-
stand that, if there are two cups of brown beans (the pollution) mixed with eight
cups of white, then the two cups removed will subtract some but not all of the orig-
inal brown beans. As you add two more small cups of white beans to compensate
for the runoff, students can see that the proportion of brown beans looks less, so
fewer will be removed with the next runoff. (If you actually count the brown beans
removed each time, be sure to count the initial number first. In this way, you can
track the pollution remaining in the container. These data are good to come back to
after students know how to use exponential regression on the calculator.)

To begin developing the arithmetic and algebraic rules that match exponential
decay, we have chosen a simple example—the height of a bouncing ball after each
rebound. The idea is that if a ball always rebounds to some fraction r (0 � r � 1) of
its drop height, then the height of each succeeding bounce will be related to the
prior bounce height by the equation NEXT � r � NOW. Repeated application of
this relation leads to the exponential pattern that on bounce number n the ball will
rebound to rn of its original height. Students might need some help to find this pat-
tern, and especially to find a way to express it with algebraic rules.

The example of drug decay illustrates a significant setting for exponential decay.
Although we provide students with the rule in this case, it is important for them to
see why the shape of that rule implies decay by repeated multiplication with the
factor 0.95.

By the end of this lesson, students should realize that there are decay analogs for
the repeated multiplication models of Lesson 1 and that the rules take the same gen-
eral form (with rate factors between zero and one). They also should have a sense of
the shape of graphs that arise from rules of the form y � a (bx) when 0 � b � 1.

Lesson Objectives
■ To determine and explore the exponential decay model, y � a(bx), where

0 � b � 1, through tables, graphs, and algebraic rules
■ To compare exponential decay models with exponential growth models
■ To compare exponential models of the form y � a(bx), where 0 � b � 1, to

linear models

Lesson2
LESSON OVERVIEW
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The pollution cleanup experiment gives data in a pattern that occurs in many famil-
iar and important problem situations. That pattern is called exponential decay.

More Bounce to the Ounce

Most popular American sports
involve balls of some sort. In playing
with those balls, one of the most
important factors is the bounciness or
elasticity of the ball. For example, if
a new golf ball is dropped onto a hard
surface, it should rebound to about �

2
3

�

of its drop height.
Suppose a new golf ball drops

downward from a height of 27 feet
onto a paved parking lot and keeps bouncing up and down, again and again.

440 U N I T  6  •  E X P O N E N T I A L  M O D E L S

The graphs below show two possible outcomes of the pollution and cleanup
simulation.

What pattern of change is shown by each graph?

Which graph shows the pattern of change that you would expect for
this situation? Test your idea by running the experiment several times
and plotting the (time, pollutant remaining) data.

What sort of equation relating pollution P and time t would you expect
to match your plot of data? Test your idea using a graphing calculator
or computer.

Think About This Situation
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See Teaching Master 166.
The straight line shows a constant decrease in the pollutant remaining as the time
increases. The curve shows large decreases initially, but the rate of decrease slows as
time increases.
The curve is the pattern that would be expected. Repeat the experiment until the class
sees that the curve is the correct graph.
The models for these graphs are y � �4x � 20 and y � 20(0.8)x. Students may not
have a good equation to model the cleanup situation, but you should leave the response
open for now. You may wish to come back to it later in the unit. Students should real-
ize that the graph should not be linear.

More Bounce to the Ounce
Many students are uncomfortable with fractions. As you circulate you may need to
help them get started. 27 � 2

3
� � 18, 18 � �

2
3

� � . . . . Some will want to use their cal-
culators to enter 27 � 0.66. Discourage this by pointing out that the factor 0.66 is
rounded off. They could enter on their calculators 27 � 2 � 3 � 18, or 
18 � 2 � 3 � . . . , but recording answers in fraction form makes it a lot easier to see
the familiar powers of two in some numerators and powers of three in the denomi-
nator. Of course, starting with 15 or some other whole number will result in the
same pattern, but there may not be any powers of 2 readily apparent in the numer-
ator. For some students, it may be appropriate to ask if we always will see the pow-
ers of 3 in the denominator.
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The graphs below show two possible outcomes of the
pollution and cleanup simulation.

What pattern of change is shown by each graph?

Which graph shows the pattern of change that you
would expect for this situation?  Test your idea by
running the experiment several times and plotting 
the (time, pollutant remaining) data.

What sort of equation relating pollution P and time t
would you expect to match your plot of data?  Test your
idea using a graphing calculator or computer.
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Transparency MasterMASTER

166

Think About This Situation

Master 166LAUNCH full-class discussion

EXPLORE small-group investigation
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EXPLORE continued

1. Bounce Number 0 1 2 3 4 5 6 7 8 9 10

Rebound Height 27 18 12 8 �
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a. It decreases by one-third on each bounce. The scatterplot is decreasing, but by a
smaller amount each time. Students may not see the �

1
3

�. Adding a row “Change in
Rebound Height” to the table may help.

b. NEXT � �
2
3

� (NOW), starting at 27.

c. y � 27(�
2
3

�)x

d. The table values will be smaller; the plot will have the same shape but will not be as
high, and the coefficient in the equation will be 15 instead of 27.

2. a–c. Responses will vary but should be close to a 0.67 rebound factor.

NOTE: You may wish to use the Texas Instruments CBL or a similar piece of technology
to measure the height and graph the relationship. Give the students plenty of time to prac-
tice how to measure the height with the technology.

3. A sample response using a tennis ball follows.

a. Bounce Number 0 1 2 3

Rebound Height 50 30 18 10

b. NEXT � NOW � 0.6, starting at 50.
y � 50(0.6)x

WINDOW 
Xmin �–1
Xmax �11
Xscl �2
Ymin �–2
Ymax �30
Yscl �10
Xres �1
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1. Make a table and plot of the data showing expected heights of the first ten
bounces.

Bounce Number 0 1 2 3 4 5 6 7 8 9 10

Rebound Height 27

a. How does the rebound height change from one bounce to the next? How is
that pattern shown by the shape of the data plot?

b. What equation relating NOW and NEXT shows how to calculate the
rebound height for any bounce from the height of the preceding bounce?

c. Write an equation beginning “y = …” to model the rebound height after any
number of bounces.

d. How will the data table, plot, and equations for calculating rebound height
change if the ball drops first from only 15 feet?

As is the case with all mathematical models, data from actual tests of golf-ball
bouncing will not match exactly the predictions from equations of ideal bounces.
You can simulate the kind of quality control testing that factories do by running
some experiments in your classroom.

2. Get a golf ball and a tape measure or meter stick for your group. Decide on a
method for measuring the height of successive rebounds after the ball is
dropped from a height of at least 8 feet. Collect data on the rebound height for
successive bounces of the ball. 

a. Compare the pattern of your data to that of the model that predicts rebounds
which are �

2
3

� of the drop height. Would a rebound height factor other than 
�
2
3

� give a better model? Explain your reasoning.

b. Write an equation using NOW and NEXT that relates the rebound height of
any bounce of your tested ball to the height of the preceding bounce.

c. Write an equation beginning “y = …” to predict the rebound height after
any number of bounces.

3. Repeat the experiment of Activity 2 with some
other ball such as a tennis ball or a basketball. 

a. Study the data to find a reasonable estimate of
the rebound height factor for your ball. 

b. Write an equation using NOW and NEXT and
an equation beginning “y = …” that model the
rebound height of your ball on successive
bounces.
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