
Patterns of Association

© 2005 Core-Plus Mathematics Project. All rights reserved. 1

Examples of Tasks from Course 2, Unit 3

What Solutions are Available?
Lesson 1: page 180, Modeling Task 3; page 182, Organizing Task 1; page 182, Organizing Task 2; page 183, Reflecting Task 3;

page 184, Extending Task 2

Lesson 2: page 200, Modeling Task 1; page 204, Modeling Task 4; page 205, Organizing Task 2; page 205, Organizing Task 3

Lesson 3: page 221, Modeling Task 2; page 223, Modeling Task 4; page 224, Organizing Task 2; page 225, Extending Task 1;
page 226, Extending Task 2; page 226, Extending Task 5

These tasks are selected with the intent of presenting key ideas and skills. Not every answer is complete, so that teachers can still
assign these questions and expect students to finish the tasks. If you are working with your student on homework, please use these
solutions with the intention of increasing your child’s understanding and independence.

As you read these selected homework tasks and solutions, you will notice that some very sophisticated communication skills are
expected. Students develop these over time. This is the standard for which to strive. See Research on Communication.

The Statistics page or the Scope and Sequence might help you follow the conceptual development of the ideas you see in these
examples.

Main Mathematical Goals for Unit 3
Upon completion of this unit, students should be able to:

• describe the association between two variables by interpreting a scatterplot

• interpret correlation coefficients

• understand the limitations of correlation coefficients

• know when it is appropriate to make predictions from the regression line

• understand the effects of outliers and influential points on the correlation coefficient and on the regression line

http://www.wmich.edu/cpmp/parentsupport/scopeandsequence.pdf
http://www.wmich.edu/cpmp/parentsupport/statistics.html
http://www.wmich.edu/cpmp/parentsupport/r_communication.html
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Selected Homework Tasks and Expected Solutions

(These solutions are for problems in the book with 2003 copyright. If a student is using a book with an earlier copyright, you may notice that the problems don’t match exactly,
although the intent of the problems should be the same.)

Lesson 1, page 180, Modeling Task 3
a. The missing graph in the first column is of the (Year 2000, Year 2025) entries and in the

second column is of the (Year 2025, Year 2000) entries.

The points in the graph of 2025 ranking versus 2000 ranking (in the first column of the
matrix) are

Rank 2000 (x-axis) 8 5 1 2 4 9 10 6 7 3

Rank 2025 (y-axis) 8 6 1 2 4 10 7 5 9 3

The points in the graph of 2000 ranking versus 2025 ranking (in the second column of the
matrix) are

Rank 2025 (x-axis) 8 6 1 2 4 10 7 5 9 3

Rank 2000 (y-axis) 8 5 1 2 4 9 10 6 7 3
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The complete scatterplot matrix looks like this:

Other student observations about the scatterplot matrix might include that all the
correlations are strong and positive. The four largest countries maintained their rankings
unchanged from 2000 to 2025, but changed in 2050. The three “smallest” of these countries
maintained their rankings unchanged from 2025 to 2050.

b. The complete correlation matrix is shown at the right.

• The 2000 ranking and 2025 projected ranking have a correlation coefficient of 0.903.
the projected 2025 and 2050 rankings also have a correlation coefficient of 0.903.

Students should note that the
(2000, 2025) and (2025, 2000)
scatterplots are not identical. They
are related by a reflection over the
line y = x. This makes sense since,
for example, (10, 7) appears on one
plot while (7, 10) corresponds on
the other. The same observation
can be made for the (2000, 2050)
and (2050, 2000) scatterplots, and
the (2025, 2050) and (2050, 2025)
scatterplots.

 

2000 2025 2050

2000

2025

2050

1.000 0.903 0.697

0.903 1.000 0.903

0.697 0.903 1.000
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• Although we expect that the correlation for (Year 2000, Year 2025) will be equal to that
for (Year 2025, Year 2000) and similarly for (Year 2025, Year 2050) and (Year 2050,
Year 2025), it is quite a coincidence that the correlation for (Year 2000,Year 2025) is the
same as for (Year 2025, Year 2050). The rankings are not the same and the shape of the
scatterplots is somewhat different.

• The correlations are all strongly positive, which means that the ranking of the cities
hasn’t changed much over the years.

c. The farther apart the two years, the lower the correlation. This makes sense as there is more
time for population patterns to change.

Lesson 1, page 182, Organizing Task 1
Students can try an example here. It only takes one counterexample to show some assertion is
false. For example, for the population rankings in Modeling Task 3 on page 180,

Rank 2000 (x-axis) 8 5 1 2 4 9 10 6 7 3

Rank 2025 (y-axis) 8 6 1 2 4 10 7 5 9 3

Difference (d) 0 –1 0 0 0 –1 3 1 –2 0

Difference2 (d2) 0 1 0 0 0 1 9 1 4 0

The sum of the differences is 0. The square of the sum of the differences is ( d)2 = 02 = 0. The
sum of the squared differences is d2 = 16. In the first case, we add the differences and then
square this result. In the second case, we square the differences first, and then add these to get
the final result. The different order of operations produces a different result.

The idea of a sum of squared differences as a measure of variation is used in other formulas

also. In the least squares line of best fit, the vertical difference between a point and a line is

measured and squared. This is part of the computation of how much the actual data varies from

the predicted values given by the line. In Spearman’s coefficient, the squared difference is used

to measure variation between ranks. (See Course 2, pp. 216–218.)
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Lesson 1, page 182, Organizing Task 2
Students can try examples. For rs = 1 (a perfect positive association) with 5 rankings, the table
would be

x 1 2 3 4 5

y 1 2 3 4 5

These points would fit the line y = x.
For rs = –1 (a perfect negative association) with 5 rankings, the table would be

x 1 2 3 4 5

y 5 4 3 2 1

These points would fit the line y = –x + 6. (A sketch makes it clear that the slope is –1, and
y-intercept is 6, though the idea of a y-intercept makes no sense in the context of ranking.) In
general, a perfect negative association fits the equation y = –x + (n + 1) where n is the number
of observations.

Lesson 1, page 183, Reflecting Task 3
a. The two reporters felt almost the same way about the order in which the candidates would

finish in the election.
A strong positive association between rankings is indicated by a correlation close to +1.

b. The judges not only did not have agreement in their rankings, they disagreed slightly.
A correlation close to 0 indicates a random match between rankings, no pattern is
discernible.

c. The managers were somewhat alike in how they ranked the employees.
A correlation of 0.5 indicates some agreement among rankings.

d. The managers were almost opposite in how they ranked the employees on efficiency.
A strong negative association between rankings is indicated by a correlation close to –1.
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Lesson 1, page 184, Extending Task 2
An example for n = 5 follows.
The biggest difference in rankings would occur as shown in the table:

x 1 2 3 4 5

y 5 4 3 2 1

d2 16 4 0 4 16

d2 = 40. So for any five observations, d2 cannot be more than 40 and so rs = 1 – 6 d2
n(n2 – 1)

 

1 – 6(40)
5(25 – 1)  = 1 – 2 = –1. Notice also that n(n

2 – 1)
3

 = 5(24)
3

 = 40.

The expression on the left is the definition of rs, so rs  –1.

For opposite rankings, the correlation is –1. The correlation is always greater than –1, for cases
where there is not total disagreement.

Lesson 2, page 200, Modeling Task 1
The formula for Pearson’s correlation coefficient (r) is given on page 188. It is tedious to
calculate by hand, and calculations are prone to error. It is important that students see that
“differences” are again contributors to the value of r. These differences,  and ,
are multiplied and added to the sum in the numerator. If both are positive, or both are negative,
this increases the numerator. If one is positive and one is negative, then the numerator is
decreased. Students should always inspect the scatterplot to determine the trend and to identify
any points that lie far away from the others and so may unduly influence the value of r.

a. Usually students will use a calculator to find the correlation coefficient, but they should
always inspect the scatterplot (shown below) to detect influential points or outliers or
nonlinear trends, which may be obvious to the eye, but not obvious if one relies totally on
the numerical calculation of r.
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In this case, a scatterplot reveals a strong positive correlation. A good estimate of r would
be between 0.85 and 0.99. (Compare with “Birds Egg” on page 190, which has a correlation
of 0.94.)

b. Enter the data in the calculator lists:

List 1 List 2

4.8 176

7.0 660

8.0 880

5.2 220

4.2 187

Ask for STAT CALC linreg(L1,L2) and get r  0.981. (You also get y = 199.8x – 742.0,
which is the least squares line. More on that in the next lesson. See Technology Tips in
student’s toolkit.)

c. The elephant seal data does not lie on the line that the other points cluster around (see
Part d) so you might suspect that the correlation will be smaller. On the other hand, students
have seen that an influential point such as that for the elephant seal can often increase the
correlation when it has a much larger or smaller value of x than the other points. In fact, the
new value of r is 0.968; not as much lower as you might expect.

d. See the scatterplot at the right. A line is a good model for these data if the Northern
Elephant seal is not included. If it is included, a curve such as a cubic function would be a
better fit.

e. Yes, as most things grow longer or taller, they also gain weight.
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Lesson 2, page 204, Modeling Task 4
To apply the formula for the correlation, you must first assign a single value for Family Income.
Using the midpoints of the intervals, you get the following table. (An upper limit for the last
interval has to be chosen.)

Family Income Verbal Math

5,000 425 447

15,000 447 460

25,000 471 478

35,000 490 493

45,000 503 505

55,000 511 515

65,000 517 522

75,000 524 530

90,000 536 543

115,000 558 571

This produces the following correlations:

Income Verbal Math

Income 1.00 0.965 0.991

Verbal 0.965 1.00 0.990

Math 0.991 0.990 1.00

You must check the scatterplots before concluding that these correlations do in fact indicate
strong linear associations. (The scatterplots to the right correspond to the paired data above and
show patterns that are not linear. Thus, the correlations must be interpreted with caution.)

You may want to mention the fact that the SAT scores given are averages (means) for each
income level and so do not reflect the variability that exists among individuals in each income
level. There are many students with high SAT scores who come from families with low incomes.
There are also students with low SAT scores who come from families with high incomes.
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This question asks students to synthesize all they know about association. It gives minimal
guidance about what to do or how to do it. This is consistent with CPMP program goals of
having students develop independence in their mathematical thinking. See also Extending
Tasks 2 and 3, pages 209–210, where students are given information and asked to “Write a
report.”

Lesson 2, page 205, Organizing Task 2
a. A scatterplot of the table pairs shows that as time increases, the height increases, reaches a

maximum, and then decreases. The points do not cluster about a line. A linear model would
not be a sensible way to represent this trend. (There is a strong association between the two
variables, just not a linear association.)

b. r = 0.195

c. The correlation coefficient only indicates the degree to which points cluster about a line; it
gives no indication about whether another model would fit better.

d. The height of the ball is not caused by the time that has elapsed. We wouldn’t refer to this as
a cause-and-effect relationship.

Lesson 2, page 205, Organizing Task 3
a. We want these points to lie exactly on a line. The slope must be 3 since an increase of 1 in

the x value is associated with an increase of 3 in the y value. The equation of the line would
be y = 3x. So the y value for x = 10 is 30, and when y = 45, x = 15.

b. For ranked data, a perfect association is modeled by the line y = x. (See Organizing Task 2
on page 182.) The slope of this line is 1. This makes sense because for a perfect association,
an increase of 1 in the first ranking would mean a corresponding increase of 1 in the second

ranking. So the slope is 1
1
. However, for unranked data with a perfect positive linear

association, a change of 1 in the first variable may be associated with a change of any
amount in the second variable as in Part a.
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Lesson 3, page 222, Modeling Task 2
a. The pattern is not linear. A least squares regression line would not be a good way to make a

prediction about the weight of a deer from its girth. (If you use a calculator to find r, you get
r 0.993. This is not an appropriate way to measure the strength of the association in this
case, because r is a measure of the strength of a linear association. The scatterplot is so
smooth that it looks like a curve might fit this very well; perhaps a cubic equation would fit
the data well, since weight depends on volume, and a linear measure like girth should be
related by a cubic equation to a three-dimensional measure like volume.)

b. This relationship is not modeled well by a line. The scatterplot shows a curved pattern of
points.

c. The least squares regression line is y = 0.44x + 1.67. (Students should make a scatterplot to
decide if any faith should be placed in the predictive ability of this equation.) A 200-pound
deer gives an edible meat weight of 0.44(200) + 1.67  90 pounds. The slope of the
regression line, 0.44, tells us that for every additional pound a deer weighs, there tends to be
about 0.44 more pounds of edible meat.

Lesson 3, page 223, Modeling Task 4
a. r  –0.986 (See plot below.)

b. y = –1,570.5x + 735
The plot containing the regression line appears at the top of the next page. Now you can see
clearly that a linear model is not the best one because the points tend to be above the line at
the ends and below the line in the middle.
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Even though a linear equation does not model the data very well, the centroid (0.2286, 376)
is still on the regression line.

y = –1,570.5 x  + 735
= –1,570.5(0.2286) + 735

 376

The line comes close to all the points, so, even though a curve might fit better, predictions
won’t be far off for lengths between about 0.15 and 0.32.

c. y = –1,570.5(0.2) + 735  421, which is a reasonable estimate, but not the best. It is
probably a bit high as the points for nearby values of x fall under the regression line.

d. The frequency becomes negative. This is additional evidence that a line is not the best
model for this situation.

Lesson 3, page 224, Organizing Task 2
a. Multiply each mean height by 2.54, since there are 2.54 centimeters in each inch. (The idea

that summary measures are affected when each value is multiplied by the same number has
been encountered before, in Core-Plus Mathematics Course 1, Unit 1.)

b. Students may have to invent some (mother, daughter) data in inches, and convert to
centimeters, and check the correlations each time to convince themselves that the
correlations remain the same. Or students could examine the formula for r (see page 188),
where they will notice that all extra factors of 2.54 in the numerator will be matched by
equal factors of 2.54 in the denominator.
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c. The equation for the regression for height data reported in centimeters would have the same
slope but a y-intercept 2.54 times the y-intercept for the data reported in inches.

In general, the slope of the regression line indicates that for each 1-unit change in the
first variable (1-inch or 1-centimeter change in height of mother in this case), you can
expect a “b”-unit change in the second variable (height of the daughter). Suppose that the
daughters’ heights rose by 1.1 inch for each 1-inch increase in the mothers’ heights, making

the slope 1.11 . Converting this to centimeters, the daughters’ heights gain 2.74 centimeters

for a 2.54 increase in the mothers’ heights. The slope then is 2.742.54 , or 1.11  again.

d. The value of r again does not change. Students might use the same data as in Part b, and
only convert one column of data to cm, then check correlations. Or they could examine the
formula for r to see that there will be one factor of 2.54 in both numerator and denominator.

Lesson 3, page 225, Extending Task 1
a. This could be done in calculator lists.

x y x –   x y –   y (x –   x )(y –   y ) (x –   x )2

1 1 –1 –1 23 1 23
1

2 2 0 – 23
0 0

3 5 1 2 13 2 13
1

( x  = 2) ( y  = 83 ) (sum is 4) (sum is 2)

Using the first formula, b = 42  = 2. Using the second formula, a = 83  – 2(2) = – 43 . So, the

equation of the best fit line is y = – 43  + 2x. (The calculation of the regression equation by

using these formulas is tedious and error-prone. But it does have the advantage of
emphasizing that the slope and y-intercept are adjusted to ensure that the line must pass
through (x ,  y ) while minimizing square errors.)

Note that the equation of the least
squares regression line is in the
form y = a + bx, where b represents
the slope and a represents the
y-intercept. This form is commonly
used by statisticians.
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b. Answer left to student.

c. Answer left to student.

Lesson 3, page 226, Extending Task 2
a. The error is the difference between the observed value of y, and the value of y predicted by

the regression equation. Visually, it is the vertical distance between (x, yobserved) and

(x, ypredicted). If this value is positive, then the regression equation has underestimated; if

negative, then the regression equation has overestimated. Visually, the squared errors are

squares built on these vertical segments.

b. Suppose we add (6, 0) to the graph. With the original data, the regression equation is

y = 2x – 4
3

, and r = 0.96, and the sum of squared errors is 2
3

. The point (6, 0) is so far from

this line that the error is large (see vertical line on graph) and the squared error contributed

would be 113 7
9

. In order to avoid such a huge squared error, the least squares regression

formula takes (6, 0) into account, and produces the line y = –0.29x + 2.86, with r = –0.29,

and the sum of squared errors is 12 6
7

. Interestingly, the largest square error produced by this

second equation is not for the point (6, 0). Because this influential point is so far from the
original line, the line that best fits the original data has to be dramatically altered to fit this
new point. The goal is to minimize the total squared error. A small alteration in the original
line will result in saving the fit of the first points but produces a huge squared error for the
new point. So a dramatic change in the line is necessary. The new point is so influential that
it pulls the new line very close to itself. The situation would be even more dramatic if the
new point were even further to the right, with a value of x that is even farther from the mean
x value, and an even greater vertical distance from the original line.
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Lesson 3, page 226, Extending Task 5
The regression line is used as a model that predicts the value of y when x is given. Since we
think of x as being fixed, we measure the residual of y as the vertical distance from the point to
the regression line. The heavy vertical lines on the plot at the right represent the residuals. To
get the value for a residual, compute (observed y – predicted y). These residuals are (6 – 3.8),
(3 – 6), (10 – 8.2), (7 – 10.4), and (15 – 12.6). Squaring these residuals and adding we get
4.84 + 9 + 3.24 + 11.56 + 5.76 or 34.4. No other line would give a smaller sum.

Alternatively, students could make squares of the residuals on the plot, as in the diagram at
the right, and say that the regression line makes the total area of these squares smaller than any
other line does.

The statistics strand in CPMP is an excellent preparation for AP Statistics, where students are
required to demonstrate understanding in questions like this. See www.collegeboard.org for
how this question was assessed and also for other questions and solutions from past years.

http://www.collegeboard.org/
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