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Examples of Tasks from Course 2, Unit 1

What Solutions are Available?
Lesson 1: page 17, Modeling Task 4; page 19, Organizing Task 1; page 20, Organizing Task 3; page 23, Extending Task 2

Lesson 2: page 46, Modeling Task 1; page 47, Modeling Task 3; page 49, Modeling Task 5; page 52, Organizing Task 4; page 54,
Reflecting Task 1

Lesson 3: page 68, Modeling Task 5; page 69, Organizing Task 2; page 70, Organizing Task 4; page 73, Extending Task 3

These tasks are selected with the intent of presenting key ideas and skills. Not every answer is complete, so that teachers can still
assign these questions and expect students to finish the tasks. If you are working with your student on homework, please use these
solutions with the intention of increasing your child’s understanding and independence.

As you read these selected homework tasks and solutions, you will notice that some very sophisticated communication skills are
expected. Students develop these over time. This is the standard for which to strive. See Research on Communication.

The Discrete Mathematics page or the Scope and Sequence might help you follow the conceptual development of the ideas you see in
these examples.

Main Mathematical Goals for Unit 1
Upon completion of this unit, students should be able to:

• use matrices to organize and display data

• operate on matrices in a variety of ways (including summing rows and columns, comparing two rows, finding the mean of
rows and columns, scalar multiplication, and addition, subtraction and multiplication of two matrices)

• use matrices to solve systems of linear equations

• use matrices to model and solve real-world problems

This unit is rich in connections to other discrete mathematics units, such as Graph Models in Course 1, and algebra units such as
Linear Models in Course 1.

http://www.wmich.edu/cpmp/parentsupport/r_communication.html
http://www.wmich.edu/cpmp/parentsupport/scopeandsequence.pdf
http://www.wmich.edu/cpmp/parentsupport/discrete.html
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Selected Homework Tasks and Expected Solutions

(These solutions are for problems in the book with 2003 copyright. If a student is using a book with an earlier copyright, you may notice that the problems don’t match exactly,
although the intent of the problems should be the same.)

Lesson 1, page 17, Modeling Task 4
a. Students do not typically have much difficulty reading information from a matrix that has

already been constructed. They have more trouble constructing a matrix themselves, or
manipulating a matrix to create more information. It is important that they label the rows
and columns of the matrices they make, to help them make sense of the result.

October                             November                          

 

15 16 17

Chrome

Silver
 

16 24 8

8 12 4
 = O

 

15 16 17

Chrome

Silver
 

12 32 16

12 20 0
 = N

b. To combine the two months’ orders we have to add the matrices.

Total Shipped            

 

15 16 17

Chrome

Silver
 

28 56 24

20 32 4

c. • To disaggregate December’s order from this total we have to subtract from it the Total
Shipped in October and November.

December                  

 

15 16 17

Chrome

Silver
 

12 –4 12

8 0 12
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• The “–4” entry makes no sense. It must mean that the retailer had overstocked chrome
16-inch wheels. Therefore, the retailer would not order any chrome 16-inch wheels in
December.

d. This requires a scalar multiplication of the Monthly matrices. We need 2O + 3N.

2O                               3N                               

 

15 16 17

Chrome

Silver
 

32 48 16

16 24 8
+

 

15 16 17

Chrome

Silver
 

36 96 48

36 60 0

2O + 3N                        

 

15 16 17

Chrome

Silver
 

68 144 64

52 84 8

Lesson 1, page 19, Organizing Task 1
a. This example shows a more unusual use of a matrix, to store binary information, with 1

representing “yes” and 0 representing “no.” When this information is modeled by a vertex-
edge graph, the vertices will represent the people and the directed edges will show whether
one person wants to go to a movie with another. Therefore, an edge from A to B indicates
that “yes,” student A would like to go to a movie with student B.

b.
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c. Look for two edges between vertices with an arrow pointing at each vertex.

d. Yes

e. There are many possible responses. A student might note that student A counts everyone as
friends, but only two people count student A as a friend.

Lesson 1, page 20, Organizing Task 3
a. The square matrices are the movie matrix, the loan matrix, and the degree of difference

matrix. The dimensions of a square matrix are equal. So, for example, a 4 by 4 matrix is
square, but a 4 by 3 matrix is not.

b. No. For example, student A would like to go to a movie with student B, but B would not
like to go to a movie with A. In a symmetric matrix, the entry in cell (1, 2) is the same as
the entry in (2, 1), the entry in the (x, y) position is the same as the entry in the (y, x)
position.

c. The mutual friend matrix and the degree of difference matrix are symmetric.

d. There are two key characteristics of the symmetric situations. First, the two dimensions of
the matrix are the same, as is shown by identical row and column labels, so that
comparisons are being made between elements in the same group. Secondly, the comparison
or relationship is the same in both directions. For example, if A and B are mutual friends,
then (obviously) B and A are mutual friends; and if there are 3 differences between type A
pottery and type B pottery, then (obviously) there are 3 differences between B and A.

Lesson 1, page 23, Extending Task 2
a. A matrix is a very straightforward model, very like a table, but it can carry very complex

and subtle ideas that require careful analysis. This is the case with this information about
recidivism.
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Both the 0% entry in the 6th row and 1st column, and the 100% entry in the 6th row and 6th
column correspond to this assumption because we are assuming that none of the persons
who have remained out of prison for more than 4 years will be back in prison the next year,
so all of them will still be free. The trend from the first 5 rows of the matrix indicates that
the percentage who return to prison declines as the number of years of freedom increases. If
this continues, then the percentage who return to prison after 4 years will be very small,
though probably not 0%. The four-year assumption indicated by the 6th row was
presumably made to represent the end point of this trend, and to make the matrix have a
manageable number of rows.

b. A released prisoner who is in the second year of freedom is more likely to go back to jail
than a released prisoner in the fourth year of freedom.

c. When released from prison, they enter their first year of freedom. And 81% of all prisoners
who are in their first year of freedom remain free the next year. Thus, 81% of all those
released remain free for more than one year, and they enter their second year of freedom.
88% of those in their second year of freedom are still free the next year. Thus, 88% of 81%,
or 71%, of all prisoners released remain free for more than two years (and enter their third
year of freedom). Of this 71% of all released prisoners only 93% are still free the following
year. Thus, 66% (.93 x .71) of all released prisoners remain free for more than three years.

d. About 34% of all released prisoners are sent back to prison within 3 years (100% – the 66%
who are still free). Another way to get this answer would be to total the percentage which is
sent back to prison each year. Thus, 19% of all released will be sent back to prison after
1 year, 12% of 81% will be sent back the next year, 7% of 88% of 81%, will be sent back
after 3 years.

e. Answer left to student.

f. Answer left to student.
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Lesson 2, page 46, Modeling Task 1
a.

b. M = 

c. Matrix M represents who beat whom, reading from row to column. When direct information
is not available, ranking usually involves the logic that “better than” is transitive. Thus,
with only the information that Anna beat Delayne and Delayne beat Eldin, we would expect
that Anna would beat Eldin, and rank these three players Anna, Delayne, Eldin. M2 would
represent these two-step expectations. M3 would represent three-step expectations. Of
course, the situation is never as clean as this. It is quite possible that there would be a two-
step expectation that Anna would beat Eldin and simultaneously, because of other matches,
that Eldin would beat Anna. Thus, these expectations are summed to create a final ranking.

The row sums of matrix M (above) indicate a tie in expectation between Bobbie and Chan.
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M2 = 

Looking at the row sums of M2 alone, a tie is still
present, between Chan and Eldin.

M3 = 

Looking at the row sums of M3 alone, a tie is still
present.

M + M2 + M3 = 

Examining the row sums of this matrix, the
highest row sum, representing the highest
expectations, for direct matches added to
expectations for two and three stage comparisons,
is for Bobbie (sum 15), then Chan, then Eldin,
then Delayne, then Anna. (Note that M + M2

would also yield this ranking.)

Lesson 2, page 47, Modeling Task 3
a. Note that the order of multiplication is crucial. (See Quick Summary for an example.) In

addition, in order to make sense, the labels on the columns of the first matrix must match
the labels on the rows of the second matrix.
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b. The entries represent the total revenue and total profit for each of the first two weeks of the
year.

c.

d. Students may choose Year 2 as the better year since revenue was higher. But Year 1 is
really the better years since profit is higher that year. The clearest way to compare the two
years is to attend to the profit made. The column sum of the profit in Year 1 was higher.

e. Because of the dimensions of the two matrices it is possible to multiply them, but the entries
would contain no useful information. For the first entry in the answer, you would perform
this computation: $1.56  3,350 + $0.10  3,240, which is the total revenue from regular gas
from week 1 added to the total profit from regular gas from week 2; not a useful piece of
information. Notice that the labels of the columns in P2 do not match the labels of the rows
of Q2.

Lesson 2, page 49, Modeling Task 5

a. 600 700 500

0.4 0.4 0.2

0.2 0.5 0.3

0.1 0.2 0.7

= Q B = 430 690 680 . This indicates that 430 people will

buy Nike next year, 690 will buy Reebok, and 680 will buy Fila.

b. If there is no change in the number of people buying each brand, then the brand switching
matrix must be:

1 0 0

0 1 0

0 0 1

.
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Many of the properties of matrices have analogies in the properties of real numbers. The
identity for multiplication in the set of real numbers is 1, because (x)(1) = (1)(x) = x, for any
real number x. Likewise there exists an identity matrix I, such that M  I = I  M = M,
where M is a matrix. However, matrix I must have appropriate dimensions to make the
multiplication possible. The convention for how matrix multiplication is carried out ensures
that matrix I must be a square matrix. In this problem, where you want to keep the number
of people buying each brand the same, you need the identity matrix, so that Q  I = Q. For
3 3 matrices, the identity matrix is the matrix above.

c. • (Q  B)(B) = 430 690 680   B = 378 653 769  and (Q)(B  B) =

Q
0.26 0.4 0.34

0.21 0.39 0.4

0.15 0.28 0.57

 

 

 

 

 

 

 

 
 = 378 653 769 . This is not a proof that matrix multiplication

is associative, but it is an example, showing that the way that the three matrices are
grouped makes no difference to the resulting matrix. The matrix 378 653 769  tells us

how many people buy each brand two years from now.

• (Q  B3) = 359 632 810 . This matrix tells us that in three years we can expect that
358 people will buy Nike, 632 will buy Reebok, and 809 will buy Fila. (This assumes
that buyers preferences are still correctly represented by the “switch” matrix.)

d. We need to be able to work backwards from 378 653 769  by undoing the effect of the
brand switching matrix from the previous year. To do this, we need the inverse of the brand
switching matrix, B–1.

378 653 769[ ]  
0.4 0.4 0.2

0.2 0.5 0.3

0.1 0.2 0.7

 

 

 
 

 

 

 
 

–1

= 430 690 680[ ]

At this time, students will use their
calculators to find the inverse of a
matrix. Students are shown how to
find the inverse of a 2 by 2 matrix
by hand (see Organizing Task 6),
but for higher dimensions they use
their calculators.
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Lesson 2, page 52, Organizing Task 4
a. Addition is commutative and associative for numbers and for matrices. This makes sense,

since all we are doing is adding corresponding entries (numbers) in the matrices. There exist
identities and inverses for addition and for multiplication for both numbers and matrices.
(Not every matrix has a multiplicative inverse. See Activity 8 page 44.) The associative
properties for addition and for multiplication (see Modeling Task 5 above) also apply to
both numbers and matrices. The distributive property of multiplication (by a number) over
addition is true for both numbers and matrices (see below).

b. • Examples will vary. For example, 0.5(2.4 – 4.8) = (0.5)(2.4) – (0.5)(4.8) = –1.2.

• This property also works for matrices. For example, (0.5)([2.4   4.8   6.6] + [1.6   3.2   3.4]) =
(0.5)[2.4   4.8   6.6] + (0.5)[1.6   3.2   3.4] = [2   4   5]. Notice that the first entry is just
(0.5)(2.4 + 1.6), so of course the distributive property works for matrices, since we use
this same property to compute each entry individually.

Lesson 2, page 54, Reflecting Task 1
For example, suppose you’re working with the flea-beetle row and the garter-snake column.

There is a 1 in the third entry in the flea-beetle row, which corresponds to frog, so there is a

path from flea beetle to frog. But the third entry in the garter-snake column also concerns the

frog: a 1 there indicates a path from the frog to the garter snake. So, you have found a path of

length 2 (that is, a path with 2 edges): flea beetle  frog  garter snake.

Thus, whenever you find a matching pair of 1s as you do the row-column matrix

multiplication, you have found a connecting vertex. The path goes from the row vertex to the

connecting vertex, and then from the connecting vertex to the column vertex.

In summary, whenever you hit a nonzero entry simultaneously in the left and right copies of

the adjacency matrix as you multiply, then you have a path of length 2. Since you multiply 1s

and add the products as you go, you will get the total number of paths of length 2 as a final

result.
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Lesson 3, page 68, Modeling Task 5
a. The matrix indicates that restaurant A proposes to spend 70% of its allocation on

renovation, and 30% of its allocation on community service. If $a is this allocation, then
restaurant A proposes to spend $0.7a on renovation and $0.3a on community service.
Likewise, if $b is the allocation for restaurant B, then its proposal is to spend $0.45b on
renovation and $0.55b on community service. We know that 0.7a + 0.45b = 16,000, and
0.3a + 0.55b = 14,000. These two equations can also be represented by a matrix
multiplication.

 

Rest. A Rest. B

Renovation

Community Service
 

0.7 0.45

0.3 0.55

Multiplied by

 

Amount allocated

Rest A

Rest B
 

            a            

b

To get

 

Amount allocated

Renovation

Community Service
 

0.7a + 0.45b or 16,000

0.3a + 0.55b or 14,000

We write

 

Rest. A Rest. B

Renovation

Community Service
 

0.7 0.45

0.3 0.55
 • 

 

Amount allocated

Rest A

Rest B
 

            a            

b
 • 

 

Amount allocated

Renovation

Community Service
 

0.7a + 0.45b or 16,000

0.3a + 0.55b or 14,000
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b. One method is to multiply both sides of the above matrix equation by the inverse of the first
matrix, which “cancels” the effect of the first matrix on the left and gets

 
a

b

 

 
 

 

 
  =  

0.7 0.45

0.3 0.55

 

 
 

 

 
 

–1

 •  
16,000

14,000

 

 
 

 

 
  =  

10,000

20,000

 

 
 

 

 
 .

So, a = 10,000 and b = 20,000. Students may have other ways to solve this, including
making tables and graphs, but this matrix method was the new strategy investigated in this
unit.

Lesson 3, page 69, Organizing Task 2
a. In Course 1, students frequently worked with linear equations of the form y = a + bx, and

they learned to associate a with the y-intercept and b with the slope. In this unit, many of the
equations were in the format ax + by = c, where the slope and y-intercept are not obvious.
This question offers a fast way to graph lines when the equation is in this new format.

The x-intercept of any graph always has 0 for the y-coordinate. It is always
(some number, 0). Thus, if we substitute 0 for y in the linear equation x + 5y = 45, we will
get a point on this line which is also the x-intercept. x + 5(0) = 45, means that when y = 0,
x must be 45. (45, 0) is the x-intercept.

b. The y-intercept will always be (0, some number). So if we substitute 0 for x in the equation
x + 5y = 45, we get 0 + 5y = 45, or y = 9. The y-intercept is (0, 9).

c. The intercepts for 2x + 3y = 12 are given by 2(0) + 3y = 12, which says that the y-intercept
is (0, 4) and 2x + 3(0) = 12, which says that the x-intercept is (6, 0). Likewise for
5x – 10y = 20, the intercepts are (0, –2) and (4, 0). These intercepts make it easy to make a
quick sketch by hand (at the right). From this sketch, we can approximate the solution,
(5.2, 0.6).
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The matrix equation is

2 3

5 –10
 • 

x

y
 = 

12

20
.

The solution, by multiplying both sides of the equation by the inverse of the first matrix is

x

y
 = 

5.14

0.57
.

In Course 2, Unit 2, students learn to use the linear combination method, that parents may
recall as “multiply and add” to solve systems of linear equations in this format. It is
important that students reflect on all the strategies and tools available to them, and take
ownership of choosing which to use and when. They should be making notes in their Math
Toolkits about these different strategies, with examples, and adding their own notations
about which they prefer and why. Traditionally, mathematics programs have emphasized
one or more of the following “ways of knowing”: knowing that something is true (useful in
true/false questions, but less useful in practical situations), knowing how to carry out a
procedure (useful if the problem comes with the procedure, again not very applicable in
practical situations), knowing why something is true (an important part of taking ownership
in the two previous ways of knowing), and knowing to act (a type of knowledge that enables
people to act creatively rather than just reacting with a habituated behavior). Mason and
Spence argue that this is the critical form of knowing needed when students engage in
problem solving. (Although of course all four forms of knowledge have value and interact
with one another.) Thus, in CPMP, students will often be told to choose their method, and in
projects or other open-ended questions they will be given few instructions about what to do.
See Mason J. and Spence M. (1999). Beyond Mere Knowledge of Mathematics: The
Importance of Knowing to Act. Educational Studies in Mathematics, 38, 13d. 135-161.
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Lesson 3, page 70, Organizing Task 4
a. In each case, the calculator gives an “error” message.

b. Apparently there is no inverse, because the calculator gives an “error” message.

c. • In the first system, using intercepts to make a quick graph (see Organizing Task 2
above), the two lines are seen to be parallel. There would be no intersection, so no
common solution. In the second system, the lines are seen to be identical, so there would
be an infinite number of shared solutions, so x could take any value, and y would take a
value corresponding to that x value, satisfying either of the equations. In the first case,
there is no solution; in the second case there is not a unique solution.

• When the inverse matrix exists, the system has a unique solution, so the graph must be
two lines which intersect at a single point.

d. Students may have several explanations. They might notice that the pair of coefficients in
the first equation is proportional to the pair in the second. They might think about slopes. In
both of the above cases, the slopes are parallel. If you solve ax + by = c for y, you get

y = c
b

– a
b
x. If you solve dx + fy = g for y, you get y = g

f
 – d

f
x. There will be an infinite

number of solutions if a
b

 = d
f

 and c
b

= g
f

. There will be no solution at all if a
b

 = d
f

 and

c
b

g
f

. A variation of this is that there will be an infinite number of solutions if

a:d = b:f = c:g, and no solution at all if a:d = b:f but c:g is different. An explanation
involving inverse matrices might be that, considering the matrix equation

a b

d f
 • 

x

y
 = 

c

g
.

You will need to be able to find the inverse of the first matrix to solve this. But we know

that the inverse of 
a b

d f
 is 1

af – bd
 times a new matrix 

f –b

–d a
. But if af = bd then we

will get no answer because this would require us to divide by zero.
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Lesson 3, page 73, Extending Task 3
a. There are many ways to solve a system of linear equations. For example, students know a

matrix method (multiplying by the inverse matrix), a graphical method (graph and estimate
the point), a numerical method (make and examine a table of values), and an algebraic
method (rewrite each equation in “y = …” format and set the two sides equal to each other)
all available as strategies, it hardly seems necessary for yet another strategy. Extending
Task 3 on page 73 gives attention to the “substitution method” that parents may remember.

Amy is substituting the expression for y, derived from the first equation, back into the
second equation. This produces an equation with no y variable. She then solves that using
properties of equations, and substitutes the resulting solution for x back into either equation
to find an answer for y.

b. Yes, this method would work, as long as she substitutes the resulting expression for x into
the other equation.

c. Solving the first equation for x we get x = 2 – 2y. Substituting this into the other equation
in place of x, we get 5(2 – 2y) – 3y = –29, or 10 – 13y = –29, or –13y = –39, so y = 3.
Replacing 3 for y in either of the original equations we get x + 2(3) = 2, so x = –4.

d. If we rewrite x + 2y = 2 as y = 1 – 1
2

x, and rewrite 5x – 3y = –29 as y = 29
3

 + 5
3

x, then we can

take the expression for y from the first equation and substitute it for y into the second

equation, to get 1 – 1
2

x = 29
3

 + 5
3

x, which we can then solve for x. (The remainder of this

solution is left for students to complete. See Organizing Task 3 on page 70 for an example.)
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  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
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