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COUNTING METHODS
AND INDUCTION

UNIT

8
UNIITIT

Counting methods are part

of an area of mathematics

called combinatorics.
Counting methods are used

to answer the question, “How

many?” Situations in which

you might want to answer

this question range from

counting the number of

students in your graduating

class to more advanced and

abstract situations, like

counting the number of

possible Internet addresses

(IP numbers) or the number

of terms in the expansion of

(a + b)6 and the coefficient

of a2b4 in that expansion.

     In this unit, you will

develop skill in systematic

counting. You will learn

concepts and methods that

will help you solve counting

problems in a variety of

applied and mathematical

contexts. You will also

develop skill in using two new

methods of reasoning and

proof—combinatorial

reasoning and proof by

mathematical induction.

These ideas are developed

in the following three lessons.

Lessons

Counting Strategies

Develop skill in systematic counting

through careful combinatorial

reasoning with systematic lists, tree

diagrams, the Multiplication Principle

of Counting, the Addition Principle of

Counting, combinations, and

permutations.

Counting Throughout
Mathematics

Proof by Mathematical
Induction

Use counting methods to help solve

probability problems in which all

outcomes are equally likely and

enumeration problems in geometry

and discrete mathematics, and to

develop and apply the Binomial

Theorem and its connection to

Pascal's triangle.

Develop a conceptual understanding

of the Principle of Mathematical

Induction based on recursion and

develop skill in proof by mathematical

induction.
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LESSON 3 Proof by Mathematical Induction

In previous lessons and throughout Core-Plus Mathematics, you investigated and described general

patterns that seem to hold for infinitely many integer values of n. For example, you made conjectures
about the number of diagonals in a regular polygon with n sides, the number of two-scoop ice cream

cones when n flavors are available, and the expansion of expressions of the form (x + y)n.
It is not only important to detect patterns, but also to prove that a particular pattern must be true

for all the stated values of n. You will see this proof method is analogous to tipping over an infinite
sequence of dominos standing on end.

To begin, consider the Sierpinski triangle that you have investigated in previous courses. Starting
with a solid-colored equilateral triangle with side lengths 1 unit, smaller and smaller equilateral

triangles, formed by connecting the midpoints of sides, are cut out of the original. The first four
stages in the construction are shown below.
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Think About This Situation

By looking for patterns in the sequence of Sierpinski triangles, Jesse conjectured that the
perimeter Pn and area An of the Sierpinski triangle at any stage n are given by the following
formulas:

Pn = 
  
3n + 1

2n  and An = 
  
3n 3
4n + 1

Do you think the conjecture for the perimeter formula is correct? Why or why not?

Do you think the conjecture for the area formula is correct? Explain.

If you think that the conjectures are true, how might you convince a skeptic that each of the
formulas is correct for every non-negative integer n?

If some students think that one of these conjectures is false, how could they prove that it is
false?

How is the perimeter of the Sierpinski triangle at any stage Pn (n ≥ 1) related to the perimeter
at the previous stage Pn – 1? How is An related to An – 1?

In this lesson, you will learn a technique for proving that a statement is true for all integer values of n
larger than some starting value. This technique, called proof by mathematical induction, is closely

connected to the work you have previously done with recursion.

Infinity, Recursion, and Mathematical Induction

As you work on the problems in this investigation, look for answers to these questions:

How do you prove a statement by mathematical induction?

For what types of problems is mathematical induction often useful?

How is recursion used in and related to proof by mathematical induction?

You have to be very careful when thinking about a statement that is supposed to be true for infinitely

many values of n. The statement may seem true, and in fact it may be true for many values of n, but
then it can turn out to be false. As you know, a single counterexample will prove that a statement

claimed for infinitely many integers n is not true.
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Conjectures, Counterexamples, and Proofs Suppose the regions of a map are formed by
drawing n ≥ 1 lines in a plane. No two regions with a common boundary have the same color.

a. Copy and complete the table below. In each case, determine
the minimum number of colors required to color the map.

Number of Lines 1 2 3 4 5

Number of Colors

b. How many colors are needed to color the regions of a map

formed by n lines? Compare your conjecture with your
classmates.

c. How can you be sure that the conjecture works for all cases?

Suppose you want to prove that a statement about infinitely many values of n is true. Using a

computer, you might verify the statement for thousands of values of n. But that does not necessarily
mean that the statement is always true. Maybe you have not yet found a counterexample; it might

be the next value of n that does not work. You might generate a table and find a pattern as in
Problem 1. But how do you know for sure that the pattern will always be valid?

Consider a situation with exponential and factorial functions. As you have seen in your previous
studies, these functions can generate numbers that are very large. Think about which type of function

grows faster. In particular, compare the sizes of 5n and n! for positive integer values of n.

a. Consider the following conjecture: 5n > n! for n ≥ 1. Do you think this conjecture is true or

false? Explain.

b. Next, consider this conjecture: n! > 5n for n ≥ 1. Is this conjecture true? Would it be true if

the condition n ≥ 1 was modified? If so, how would you modify it?

c. Now consider the conjecture: n! > 5n for n ≥ 12. Is this conjecture true or false? How do you

know for sure?

The Principle of Mathematical Induction In the next three problems, you will learn an

ingenious technique for proving a statement about infinitely many integers. This powerful technique
is based on a simple idea that is illustrated in the next problem.

Think about setting up a number of dominos
on edge, and then making them all fall over,

one after another. This is like proving a
statement for all values of n, one after another.

a. Set up five dominos or books and then
make them all fall over, one after another.
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b. Suppose you set up a line of n dominos in such a way that for a given domino at any place in

the line, if the previous domino falls then it will knock over the given domino. Now suppose
you knock over the first domino. What will be the result?

c. List the two conditions that are required for the entire line of n dominos in Part b to fall
down. Explain why neither one of the conditions alone is sufficient.

d. The idea in Parts b and c is the basic idea behind a proof by mathematical induction, as seen
below.

Dominos Proof by Mathematical Induction

Step 1: Set up the dominos in such a Show that a statement is true for n
way that a given domino will fall whenever it is true for n – 1.
over whenever the previous
domino falls over.

Step 2: Knock over the first domino. Show that the statement is true for
some initial value of n.

Result Conclusion

All the dominos fall over. The statement is true for all values
of n greater than or equal to the initial value.

Explain each step and the result/conclusion of the correspondence between falling dominos

and proof by mathematical induction.

The validity of a proof by mathematical induction rests, in part, on the Principle of Mathematical

Induction, stated below. This principle is just a formalization of the scheme in Problem 3 Part d
above. The Principle of Mathematical Induction is a basic property of integers. It can be used to prove

that a statement about integers, S(n), is true for every integer n ≥ n0, where n0 is the initial value
(starting value).

Principle of Mathematical Induction

Suppose S(n) is a statement about integers. If

(1) S(n) is true whenever S(n – 1) is true, for each n > n0, and

(2) S(n0) is true,

then S(n) is true for all integers n ≥ n0.
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In the next two problems, you will examine how the Principle of Mathematical Induction can be

applied to vertex-edge graphs. You may recall that a complete graph is a vertex-edge graph in which
there is exactly one edge between every pair of vertices. Shown below is a complete vertex-edge

graph with 4 vertices.

Consider this question and goal.

Question: How many edges does a complete graph with n vertices have?

Goal: Determine an answer to this question and prove that the answer is correct.

Proceed as follows.

Below is one possible way to proceed.

a. A common first step in determining and proving the answer to a general question like the
one above is to examine several special cases and look for patterns. Draw several complete

graphs and count the number of edges in each. How many edges do you think there are in a
complete graph with n vertices?

b. Let En be the number of edges in a complete graph with n vertices. As you have seen many
times in Core-Plus Mathematics, there are two fundamental ways to think about En: You

could find a function rule that describes En as a function of n, or you could find a recursive
formula that describes En in terms of En – 1. In the situation here, you need to do both. It is

the function rule that you will prove using the Principle of Mathematical Induction. An
essential tool used in the proof, as you can see from condition (1) in the Principle of

Mathematical Induction, is the recursive formula.

i. Find a recursive formula that describes the relationship between En and En – 1.

Explain why this formula is valid.

ii. Find a function rule that describes En as a function of n.

iii. One function rule is En = n(n – 1)2 . If necessary, transform your function rule from

part ii into this form.

Proof by Mathematical Induction You can use the Principle of Mathematical Induction to

prove that the function rule En = n(n – 1)2 is true for every n ≥ 1. There are two steps in a proof by

mathematical induction, corresponding to the two conditions of the Principle of Mathematical
Induction. These steps may be done in either order.
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a. Induction Step: You must prove the statement is true for n whenever it is true for n – 1.

That is, you must show that if the statement is true for n – 1, then it will be true for n. (In
terms of dominos, you are showing that the dominos are set up in such a way that if the

previous domino, falls then it will knock over the current domino.) Thus, in the induction
step of a proof by mathematical induction, you may assume that the statement is true for

n – 1 while you try to prove it for n. (This assumption is often called the induction
hypothesis.)

i. In this situation, this means that you may assume that the function rule for En – 1 is true.
Write the function rule for En – 1.

ii. Your goal now is to prove that En = n(n – 1)2 .

Start with En, use the recursive formula and the assumption of the function rule for

En – 1, and try to end with n(n – 1)2 , as shown in the following outline of a proof. Fill in

the missing details.

En = En – 1 + (n – 1) Use the recursive formula from
Problem 4 Part b.

= (n – 1)(n – 2)2 + (n – 1) Why?

= n
2 – 3n + 2

2
+ (n – 1) Why?

= ? Why?

= ? Why?

(You may use more or fewer steps.)

En = n(n−1)
2

Why?

The reasoning in part ii completes the induction step. Now do the base step.

b. Base Step: You need to show that the function rule is true for the initial value of n, in this
case n = 1.

i. Prove that En = n(n – 1)2  is true for n = 1. That is, prove that a complete graph with

n = 1 vertex has n(n – 1)2  edges.

ii. Explain the base step in terms of the dominos analogy.

You have now completed the two steps of a proof by mathematical induction, and thus you have
satisfied the two conditions of the Principle of Mathematical Induction. Therefore, you can conclude

that En = n(n – 1)2  for every n ≥ 1.
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Here is another example of the process of experimenting, conjecturing, and doing a proof by

mathematical induction. Consider the following question: How many regions are formed by
n lines in the plane (n ≥ 1), all of which pass through a common point?

a. Experiment with this situation. Look for patterns and make a conjecture. Express your
conjecture as a function of the number of lines n. Compare your conjecture to those of other

students. Resolve any differences.

b. Find a recursive formula that describes the relationship between the number of regions

formed by n lines and the number of regions formed by n – 1 lines.

c. Use the Principle of Mathematical Induction to prove the function rule you conjectured in

Part a.

Summarize the Mathematics

In this investigation, you learned how to prove statements using mathematical induction.

For what types of problems can proof by mathematical induction be useful?

Describe how to carry out a proof by mathematical induction. Explain the domino analogy for proof
by mathematical induction.

Typically there are two equations related to each of the problem situations you worked on in this
investigation—a function rule and a recursive formula. Explain the role of each of these equations
in a proof by mathematical induction.

Consider the induction step in a proof by mathematical induction. In this step, you must show that
the “n statement” S(n) is true whenever the “n – 1 statement” S(n – 1) is true. Describe a good
strategy for doing this part of the proof.

Be prepared to explain your ideas to the class.

Proof by mathematical induction is often used to prove statements about finite sums. For example,
consider the sum of the first n odd positive integers:

Sn = 1 + 3 + 5 + 7 + … + (2n – 1)

a. Compute Sn for a few values of n. Make a conjecture for a concise formula for Sn as a function of n.

b. Use mathematical induction to prove your conjecture.




