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Develop understanding of ways to describe instantaneous rates

of change for important functions and the phenomena that they

model.

Develop understanding of mathematical ideas for measuring the

cumulative effect of continuous change in quantitative variables.

One of the most important

roles of mathematical

calculation and reasoning

is describing and

predicting patterns of

change in the world

around us. Calculus is the

branch of mathematics

that provides ideas and

methods for analyzing

rates of change in the

many different families of

functions that are used to

model cause-and-effect

and change-over-time

relationships between

quantitative variables.

     In the lessons of this

unit, you will explore

important problems

requiring analysis of rates

of change and develop

understanding of the

basic calculus ideas that

are useful in solving those

problems. The key ideas

will be developed in two

lessons.
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LESSON 1 Introduction to the Derivative

In Course 4 and in previous courses of the Core-Plus Mathematics program, you studied several

important families of functions—linear, exponential, quadratic, trigonometric, polynomial, rational,
and logarithmic. You found that members of each family had closely related patterns in tables,

graphs, and symbolic rules.
In several of the units, you experimented with and analyzed the motion of bungee jumpers. The

following graph shows a record of (time, height) data from such a jump. You can learn a lot about that
jump by studying the shape of the graph and the coordinates of particular data points.

Flight of a Bungee Jumper                             
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Think About This Situation

Think about how you could use information in the graph to answer questions like these.

When was the jumper in free fall, and when was the bungee cord pulling at him?

How long is the un-stretched bungee cord?

How will the jumper’s velocity change over time, and how is that pattern of change shown by
the shape of the graph?

When was the jumper traveling at maximum speed downward? At maximum speed upward?

How could you estimate the jumper’s average velocity during the first two seconds of
the jump?

How could you estimate the jumper’s velocity at any instant in time?

The branch of mathematics called differential calculus provides ideas and techniques for answering

questions like those above. Work on the problems of this lesson will give you an introduction to that
very important subject.

Instantaneous Rates of Change I

The basic information provided by the bungee jump graph is the jumper’s height at any time in the

up-and-down trip. You have probably realized that by looking at the shape of the graph carefully, it is
also possible to make inferences about the velocity of the jumper’s motion.

As you work on the problems of this investigation, look for answers to the following general
question:

How can data in a table or graph be used to describe

the rate of change in the dependent variable?

Walk That Graph Graphs of (time, position) data are often produced by radar and sonar devices that
send out radio and sound waves and detect echoes as the waves bounce off target objects in the sky,

on the ground, and underwater.
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The key to both radar and sonar detection is measuring the time it takes a radio or sound wave to

travel from the transmitter to a distant object and back to the receiver.

a. How do you think radar and sonar devices convert measures of elapsed time into estimates

of distances to target objects?

b. How could measures of time and distance be used to estimate velocity of moving objects?

There are now handheld sonar devices that connect to your graphing calculator or computer. If
you aim such a detector at someone walking toward or away from the device, it will produce a

sequence of (time, distance) data pairs and convert them into a graph.

For each of the following (time, distance) graphs:

• explain in detail how you would walk toward and/or away from a sonar detector to
produce the given graph pattern.

• test your ideas with actual walks in front of a sonar detector or at least in front of
classmates who have thought about the same challenge.

a. b.

c. d.

e. f.
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Use your experience from work on Problem 2 to formulate guidelines for interpreting the shape

of a (time, position) graph.

a. What graph shape indicates motion at a constant speed?

b. What graph shape indicates motion at an increasing speed? At a decreasing speed?

c. What graph shape indicates change in direction of motion?

d. What graph feature shows when motion is occurring at the greatest speed in a time interval?
At the slowest speed in a time interval?

Instantaneous Velocity The bungee jumper graph, reproduced below, shows that it took 3 seconds
for the jumper to fall 90 feet, giving an average speed of 30 feet per second. But you have learned

enough about falling objects to know that the jumper is not falling at the same speed throughout that
3-second segment of the ride.

Data in the following table match the first segment of the bungee jumper graph.

Time (in seconds) 0.0 0.5 1.0 1.5 2.0 2.5 3.0

Height (in feet) 95.0 90.0 80.0 60.0 30.0 10.0 5.0

a. What do the data suggest about the time when the bungee cord began pulling at the jumper

and about the length of the unstretched bungee cord?

b. Estimate the jumper’s velocity at the time 1.0 second into the jump. What unit did you use in

reporting the velocity estimate?

c. Use the data given in the next table to find a more accurate estimate of the jumper’s velocity

at the time 1.0 second into the jump.

Time (in seconds) 0.4 0.6 0.8 1.0 1.2 1.4 1.6

Height (in feet) 91.4 88.4 84.6 80.0 74.6 68.4 61.4

d. What do your estimates in Parts b and c suggest about the jumper’s velocity at the time
exactly 1.0 second into the jump? This is called his instantaneous velocity.
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When students in a Maine class were asked to estimate jumper velocity at 2.5 seconds, they used

different strategies and came up with different results.

a. Which of these methods makes most sense to

you? Be prepared to explain why your choice
is better than the others.

i. 5 − 10
3.0 − 2.5  = –10 feet per second

ii. 10 − 30
2.5 − 2.0  = –40 feet per second

iii. 5 − 30
3.0 − 2.0  = –25 feet per second

b. Why do the negative velocity numbers make

sense in this situation?

c. Use the data given in the next table and each strategy illustrated in Part a to find better

estimates of the jumper’s velocity at the time exactly 2.5 seconds into the jump.

Time (in seconds) 2.2 2.3 2.4 2.5 2.6 2.7 2.8

Height (in feet) 20.2 16.2 12.8 10.0 7.8 6.2 5.2

d. What instantaneous velocity at the time 2.5 seconds into the jump is suggested by the
estimates in Parts a and c?

Rates of Change in the Bungee Business For customers of a bungee jump attraction, the thrill
is in the up-and-down ride. For operators of the bungee business, the goal is making a profit. Suppose

that the following graph shows projected daily profit as a function of price charged.

Profit Function                                                                

How would you describe the overall pattern of change in projected daily profit that is shown in

the graph?
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Use data in the next tables to estimate the instantaneous rate of change in projected daily profit if

the price per jump is $10 and if it is $30. In each case, explain what the estimated instantaneous
rate of change tells about profit prospects for the bungee business.

a. Price per Jump (in $) 7 8 9 10 11 12 13

Daily Profit (in $) 195 240 280 315 345 370 390

b. Price per Jump (in $) 27 28 29 30 31 32 33

Daily Profit (in $) 423 414 405 394 383 372 360

What unit did you use in reporting the instantaneous rate of the change estimates?

How is the difference between your two estimates for instantaneous rate of change in Problem 7

shown in the graph of (price per jump, daily profit) data?

Summarize the Mathematics

In this investigation, you explored ways to use graphs and data to analyze average and
instantaneous rates of change in variables.

Suppose that a given graph provides (time, distance) data for a moving object.

i. How does the shape of the graph tell when the velocity of the object is increasing,
decreasing, or constant over an interval of time?

ii. How can you calculate average velocity of the object over a specific time interval?

iii. How can you estimate instantaneous velocity of the object at a specific point in time?

Suppose that a given graph provides (price, profit) data for a business with one main product.

i. What does the shape of the graph tell about the rate of change in profit as price
increases?

ii. How can you estimate the instantaneous rate of change in profit at a particular price, and
what does that value tell about the way profit changes in response to change in price?

Be prepared to explain your thinking and strategies to the class.
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The bungee jumper graph from the beginning of this lesson is reproduced here, along with some

sample data about the trip from the bottom of the first drop to the top of the first rebound.

Time (in seconds) Height (in feet)

3.00 5

3.25 7

3.50 12

3.75 19

4.00 31

4.25 39

4.50 40

4.75 37

a. Estimate the jumper’s average velocity over the first rebound in the trip.

b. Compare that average velocity to your best estimates of the instantaneous velocity at these times

in the ride:

i. 3.25 seconds

ii. 4.00 seconds

iii. 4.50 seconds

Instantaneous Rates of Change II

You know from prior experience that having an algebraic rule for a function makes it much easier to
create tables and graphs of function values and to answer questions about the function. As you work

on the problems of this investigation, look for answers to the following questions:

How can function rules be used to make good estimates for instantaneous

rates of change in the quantities that those functions represent?

How does the instantaneous rate of change in a function f(x)

 give meaning to the idea of slope for a curved graph?




