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TRIGONOMETRIC
FUNCTIONS

AND
EQUATIONS

Previously in Core-Plus
Mathematics, you learned

to use the trigonometric

functions sine, cosine,

and tangent to determine

unknown measurements

of sides and angles in

triangles. You also

studied how the sine and

cosine functions could be

used to model circular

motion and other periodic

phenomena.

     In this unit, you will

add three more functions

to the family of

trigonometric functions.

Your focus will be on

reasoning to produce and

verify equivalent

trigonometric expressions

and to solve equations

involving these functions.

You will also use

trigonometric relations to

deepen your

understanding of the

geometry of complex

numbers.

UNIT

4
UNIITIT

Lessons
Reasoning with
Trigonometric Functions

Extend the family of trigonometric

functions, derive fundamental

identities, and use these identities

together with geometric and algebraic

reasoning to prove or disprove other

potential identities.

Solving Trigonometric
Equations

The Geometry of
Complex Numbers

Represent complex numbers in

trigonometric form. Connect this

representation to geometric

transformations and to determination

of nth roots of complex numbers.

Extend proficiency in solving applied

problems using trigonometric methods

and develop skill in using symbol

sense and algebraic reasoning to

solve trigonometric equations.
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De Moivre’s Theorem

In Investigation 1, you learned how to multiply complex numbers expressed in trigonometric form. In

particular, if z = r(cos  + i sin ) and w = s(cos  + i sin ), then

zw = rs[(cos ( + ) + i(sin ( + )].

In terms of transformations, multiplying w by z is equivalent to a spiral similarity transformation;
that is, the composite of a size transformation with center at the origin and magnitude r (r 1) and a

rotation with center at the origin and directed angle .
This connection between multiplication of complex numbers expressed in trigonometric form and

transformations of the coordinate plane leads to a beautiful and useful principle known as De
Moivre’s Theorem. That theorem, in turn, leads to solution of equations that go far beyond the simple

quadratic equations that generated the need
for complex numbers. The theorem is attributed to Abraham De Moivre (1667–1754), a French

mathematician who is credited with many other important discoveries, especially in probability theory.
As you complete the problems in this investigation, look for answers to the following questions:

What is De Moivre’s Theorem?

How can De Moivre’s Theorem be used to calculate powers and roots of complex numbers?

Powers of Complex Numbers Consider the complex number z = r(cos  + i sin ).

a. Write z2 = z • z in trigonometric form. Interpret z2 geometrically.

b. Using your result from Part a, write z3 = z2 • z in trigonometric form. Then write z4 in
trigonometric form.

c. Extend the reasoning in Part b to complete the following statement, known as
De Moivre’s Theorem:

If z = r(cos  + i sin ) and n is any positive integer, then zn = ________________________.

(You will be asked to complete a proof

of De Moivre’s Theorem in Extensions
Task 21.)

d. If z = 3(cos 5  + i sin 5 ), find z10.

i. Use symbol sense to explain why
z10 is a real number.

ii. What other power(s) of z less than
10 are real numbers?
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Roots of Complex Numbers De Moivre’s Theorem provides an efficient way to calculate powers

of any complex number when written in trigonometric form z = r(cos  + i sin ). Reversing the
reasoning suggested by that result provides a way of finding all complex number roots of polynomial

equations in the form zn – a = 0, or equivalently zn = a, for any positive integer n. Those solutions, in
turn, provide insight into some important geometric problems.

Consider first the cubic equation z3 – 1 = 0, or z3 = 1. To find the roots, you need numbers which
when raised to the third power equal 1. One obvious solution is z = 1. But there are two other

cube roots! Supply explanations for the steps in the following mathematical argument.

(1) The number 1 can be represented in trigonometric form as 1 = (cos 0 + i sin 0),

1 = (cos 2 + i sin 2 ), 1 = (cos 4  + i sin 4 ), 1 = (cos 6  + i sin 6 ), and so on.

(2) If w = r(cos + i sin ) is a solution of z3 = 1, then w3 = r3(cos 3  + i sin 3 ) must be one of

the trigonometric forms of 1 in Step 1.

(3) These conditions imply that r = 1.

(4) These conditions also imply that  = 0,  = 23 , and  = 43  determine solutions. (There are

other values of  that meet the given conditions, but they are all related to the basic three

solutions by addition of multiples of the period 2 .)

(5) The three values of  obtained in Step 4 and r = 1 determine the complex roots of z3 = 1. In

standard form, the three solutions are

cos 0 + i sin 0 = 1 + 0i

cos 23  + i sin 23  = – 12  + 3
2 i

cos 43  + i sin 43  = – 12  – 3
2 i

The complex number roots of the equation z3 = 1 are called the cube roots of unity.

The diagram below shows a circle of radius 1 in the complex number plane.

a. On a copy of the diagram, draw point
representations of the three cube roots of unity.

Describe how the points are distributed on the circle.

b. Now use reasoning similar to that in Problem 2

to find the four quartic roots of unity; that is, find
the four complex solutions of the equation z4 = 1.

Plot these solutions on a unit circle and describe
their placement.

c. Describe a general procedure to find and represent the nth roots of unity. Compare your
methods with those of others and resolve any differences.

Use reasoning similar to that in Problem 2 to find and represent the fifth roots of 243 in
standard form.
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How would you find solutions for equations of the form zn = a for any positive integer power n

and any nonzero real number a? In general, how would the point representations of these
solutions in the complex number plane be related? Compare your answers with your classmates

and resolve any differences.

In Problem 4, you investigated methods for finding all roots of a given nonzero real number.

In this problem, you will apply similar reasoning to find all roots of an imaginary number.

a. Consider the equation z3 = i.

If z = r(cos  + i sin ), then z3 = r3(cos 3  + i sin 3 ).

Since i = cos ( 2  + 2k ) + i sin ( 2  + 2k ), where k is any integer, what can you

conclude about r? About 3 ? About ?

b. Use your conclusions in Part a to write the cube roots of i in trigonometric form.

c. Display the cube roots of i on a unit circle in the complex number plane. Compare their

placement with the cube roots of 1.

d. Predict the locations of the cube roots of –i on the unit circle. Check your conjecture.

You can extend your reasoning in Problem 6 to find the nth root of any nonzero complex

number. Find the fourth roots of –8 + 8 3 i and display them on a circle in the complex

number plane.

Summarize the Mathematics

In this investigation, you explored the general problem of calculating the nth power of any

complex number and the related problem of solving equations like zn = a for any positive

integer n and any nonzero value of a.

If z = r(cos  + i sin ), then what is the trigonometric form of zn?

How does the connection between complex number multiplication and size transformations

and rotations explain the pattern in Part a?

What are nth roots of unity, and how can their trigonometric and standard complex number

forms be constructed using De Moivre’s Theorem? How can they be displayed in the complex

number plane?

Describe how to find the nth roots of a + bi if |a + bi| = 1.

Be prepared to explain your ideas and methods to the entire class.
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Use De Moivre’s Theorem to help complete the following tasks involving powers and roots of

complex numbers.

a. Plot each of the following complex numbers on a separate complex number plane, then calculate

the indicated nth power and plot the result. Explain how the plot could be predicted from the
geometry of rotations and size transformations.

 i. If z = i, find z3. Express your answer in standard complex number form.

ii. If z = 1 + i, find z6. Express your answer in standard complex number form.

b. On a copy of the unit circle at the right, draw the
point corresponding to (a + bi)3.

c. Find the angles corresponding to the seventh
roots of unity and locate points corresponding to

the roots on a unit circle in the complex number
plane.




