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Test on Factoring into Primes

Circle the correct answer. There is no penalty for guessing, so if you do not know, guess.

 1. The largest known prime is 230,402,457 - 1. How many digits does it have?

 A 9,152,051 B  9,152,052

 2. Twin primes are a pair of primes that differ by 2, such as 3 and 5 or 29 and 31. How many pairs of 
twin primes exist where both numbers are less than one million?

 A 137 B  8,169

 3. If you factor 17,422,457,186,352,049,329,324,779,900,065,324,265,471 into primes, how many 
different primes are there?

 A 1 B  2

 4. If you factor 5,439,042,183,600,204,290,159 into primes, how many different primes are there?

 A 1 B  2

 5. What is the 1,000th prime?

 A 7,919 B  7,927

 6. What do you get if you add up the reciprocals of all of the primes?

       1__
2 + 1__

3 + 1__
5

+ 1__
7 + 1__

11 + …

 A about 10 B  about 50 C  neither of these

 7. Suppose you factor 26! into primes. How many times does 5 appear as a factor?

 A 5 B  6

 8. How many perfect squares evenly divide 7,200 = 253252?

 A 10 B  12

NUMBER CORRECT ______________________
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 Invest igation 2  By Chance or from Cause?
In this investigation, students will learn how to perform a randomization test to 
determine if one treatment is more effective than another. The randomization 
test developed in this investigation is due to R. A. Fisher, perhaps the greatest 
statistician of all time. Fisher first described the test in his 1935 book The 
Design of Experiments in the context of an agricultural experiment. (The 
8th edition of this book was published in 1966 by Macmillan.) The advantage of 
the randomization test is that no assumptions of normality or minimum sample 
sizes are needed, only that treatments are randomly assigned to subjects. The 
far more well-known t-test for the difference of two means can be considered 
an approximation to the randomization test. Such an approximation was 
necessary until recently because computers were not powerful enough to do 
randomization tests. Fisher wrote in 1936 about randomization tests:

“Actually, the statistician does not carry out this very simple and very 
tedious process, but his conclusions have no justification beyond the fact 
that they agree with those which could have been arrived at by this 
elementary method.”

1  INSTRUCTIONAL NOTE The test on factoring into primes may be found in 

the Unit 1 Resource Masters. (Also, see page T80B for the contents of the 

test.) Be sure that all students answer all questions, even if they have to guess 

(which they will have to do on most questions).

In Problem 1, there is a 5% chance that the difference in means for your 

class will turn out to be statistically significant (in the outer 5% of the 

randomization distribution). If that turns out to be the case, you will have 

a different lesson. Students should realize that the calculator makes no 

difference whatsoever, but the results of your experiment showed that it did. 

To conclude that two treatments cause a difference, when, in fact, they do not 

is called a Type I error. Your students have just discovered that a Type I error 

happens occasionally (5% of the time) when the treatments cause no 

difference at all in the responses. The only way to minimize the probability of a 

Type I error is to require that the difference of the two means be in, say, the 

outer 1% of the randomization distribution. However, now you are more likely 

to make a Type II error, which is failing to conclude that the treatments make a 

difference when, in fact, they do.

INSTRUCTIONAL NOTE 

In this investigation, students 

use two-tailed significance 

tests. See the note on 

page T82.
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Answers to Test on Factoring into Primes
1. B

2. B

3. B  17,422,457,186,352,049,329,324,779,900,065,324,265,471 = 
32,032,215,596,496,435,569 • 5,439,042,183,600,204,290,159

4. A This number is prime.

5. A The other number also is prime.

6. C  The sum of the reciprocals of the primes does not converge 
but grows larger and larger.

7. B  This is a problem that students can actually do. The number 
26! = 26 • 25 • 24 • … • 3 • 2 • 1 has one factor each of 5, 10, 
15, 20, and 25. So, the prime factorization must contain the 
factor 5 six times.

8. B  Students may be able to do this problem, too. In a perfect 
square, each prime factor must occur an even number of 
times. There can be zero, two, or four 2s, zero or two 3s, and 
zero or two 5s. So, there are (3)(2)(2) = 12 ways to build a 
square number from these factors. 

a. No, the score on this factoring test should be the same no matter what 
treatment was used. Further, most students will simply be guessing on 
all questions.

b. The difference will almost always be nonzero. The responses, 
summary statistics, and dot plots from a class of 16 students 
appear below.

Treatment
Number 
Correct

C 4

C 4

C 3

C 4

C 6

C 2

C 3

C 3

P 3

P 2

P 5

P 2

P 2

P 6

P 3

P 3
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Treatment Mean SD Subjects

Calculator 3.625 1.188 8

Pencil/Paper 3.250 1.488 8

c. In our example of the class of 16 students, there is a nonzero 
difference in the means: 

 mean of calculator group - mean of pencil-and-paper group
 = 3.625 - 3.25 = 0.375

d. It would be incredibly lucky to get a difference of exactly 0 when you 
randomly divide the students into two groups. However, the larger the 
class, the closer to 0 the difference is likely to be.
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2  NOTE In statistical practice, how “extreme” a result has to be before you 

believe the treatments have different effects depends on the situation. Often, 

the result from the experiment must be in the outer 5% of the randomization 

distribution. Whether the 5% is defined to be in just one of the tails (called a 

one-sided or one-tailed test) or split into 2.5% in each tail (called a two-sided 

or two-tailed test) depends on the situation. 

The selection of the particular percentage also depends on the situation. 

This percentage, typically 5%, is called the “significance level” and has the 

symbol alpha, α. 

We call a difference “statistically significant” if it is in the outer 2.5% of 

either tail. This is fairly standard practice and consistent with the “rare 

event” language used for outcomes that fall in the outer 5% of their 

probability distribution.

a. i. The difference probably will not be the same 
as in Problem 1 Part c.

ii. The histogram of 50 differences, mean of 
calculator group - mean of pencil-and-paper 
group, using the data from the class of 
16 students in Problem 1 appears at the right. 

b. The distribution is centered at 0. This makes 
sense because of the symmetry in the random 
allocation of subjects to treatments. For example, 
you are just as likely to get the 8 highest scores in 
the calculator treatment group and the 8 lowest 
scores in the pencil-and-paper group as you are to 
get the reverse. Consequently, the difference is 
just as likely to be +1.875 as -1.875. (This is not very likely as the 
probability of getting the 8 highest scores in one group and the

 8 lowest scores in the other is only 2 •  (  16   8  )  ≈   1
 _ 6,435  .)

c. Answers will vary, but it is likely that the actual difference will not be 
in the tails of the distribution.

d. If the difference in the means from the actual experiment is not in 
the tails, then the difference is about what you would expect if the 
treatments were equally effective. That is, the difference in means 
is relatively small and can reasonably be attributed solely to the 
particular random assignment of treatments to students. You should 
conclude that there is no evidence that one of the treatments is more 
effective than the other.
  If the difference in the means from the actual experiment is in a tail 
of the distribution, conclude that one treatment is more effective than 
the other in causing a larger mean.

  The actual difference in means of 0.375 from the class of 16 students 
is near the middle of the distribution, not in the tails, and so is about 
what you would expect if the treatment made no difference whatsoever.

Calculators vs. Pencil-and-Paper

INSTRUCTIONAL NOTE 

You may want to discuss 

what treatments might have 

made a difference on this 

test. Possibilities include 

access to Internet versus no 

access to Internet and use of 

computer software versus no 

use of computer software.
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Scented and Unscented Masks

Problems 3 and 4

Unscented Mask
(in seconds)

Scented Mask
(in seconds)

38.4 38.0

72.5 35.0

82.8 60.1

50.4 44.3

32.8 47.9

40.9 46.2

56.3

Name  ____________________________

Date _____________________________
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3  INSTRUCTIONAL NOTE Students may ask why there are not equal sample 

sizes in the mask experiment. Equal sample sizes are somewhat better when 

it comes to the analysis, but people often drop out of experiments after 

the randomization is done. In this particular case, there happened to be 

13 nonsmokers among the larger number of volunteers.

a. Maybe. Subjects were randomly assigned to treatments, and there is 
a treatment group (scented masks) and a control group (unscented 
masks). However, the number of subjects may be too small for any 
effect to show up as statistically significant.

b. Perhaps just wearing a mask makes people work mazes faster or 
slower. So to isolate the effect of the scent, which was the point of the 
experiment, all subjects must be treated the same except for the scent. 
Thus, the “control group” must also wear a mask even though it has 
no scent.

c. Treatment Mean SD Subjects

Unscented 53.44 18.49 7

Scented 45.25   8.80 6

The difference in the means is 8.19 seconds. 

d. The difference is fairly large, but there is a lot of overlap in the 
distributions. The sample sizes are small, so it is difficult to decide.

4  INSTRUCTIONAL NOTE CPMP-Tools software is available for download at 

www.wmich.edu/cpmp/CPMP-Tools/. The “Randomization Distribution” feature 

of CPMP-Tools is in the Statistics strand. The times for the mask experiment 

are built into the software. Before starting the resampling of the times to 

complete the mazes, students should look at either the display in the text or 

the opening screen of the “Randomization Distribution.” Ask them to study the 

display to note the red and blue scented and unscented times to complete the 

mazes and the histogram settings in the lower left-hand corner. Then ask 

students what the display in their textbooks shows. Once this discussion 

occurs, students will be ready to watch “Randomization Distribution” create a 

histogram of the difference in means of the random assignments of subjects to 

treatments. A Technology Tip for this feature of CPMP-Tools is included in the 

Unit 1 Resource Masters.

a. It would be incredibly lucky to get a difference of exactly 0 from real 
data, especially with this small sample.

b. It should take the same amount of time as it did when they wore the 
scented masks because that is what we are supposing.

c. The results from the runs will vary.

TECHNOLOGY NOTE 

These data are in 

CPMP-Tools. When using 

CPMP-Tools, it is best to 

adjust the width of the bars 

of the histogram using the 

box rather than the slider.
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Randomization Distribution

The instructions below are provided for the data analysis software in CPMP-Tools found at 
www.wmich.edu/cpmp/CPMP-Tools.

Instructions Expected Display

To produce a random distribution for an 
experiment, select the Course 3 Statistics 
menu.

Select “Randomization Distribution” and 
the data set needed. Then choose OK 
two times.

If you enter your own data set, select 
“Randomization Distribution” from the 
Statistics menu.

CPMP-Tools

50 UNIT 1 • Reasoning and Proof Student Master • use with page 83

Technology Tip
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d. From the randomization distribution in the student text, at least 147 
of the 1,000 runs produced a difference larger than 8.19. At least 
141 runs produced a difference smaller than -8.19, so the estimated 
probability is 0.288. 

e. The second conclusion is best. The difference of 8.19 from the actual 
experiment is not in the tails of the distribution. So, there is no reason 
to abandon your supposition that the type of mask made no difference. 
You should conclude that it is quite plausible that the scent did not 
affect the response and that the difference of 8.19 seconds can be 
reasonably attributed to the random assignment alone.

5  The number of pennies stacked by 54 students are given in the 
table below. 

a.  Number of Pennies Stacked

Dominant 
Hand

Nondominant 
Hand

27   6

52 12

39 14

25 26

25 26

22 26

32 27

52 29

29 31

26 32

35 33

16 34

41 35

30 36

 Dominant 
Hand

Nondominant 
Hand

16 36

42 45

47 45

18 46

35 51

30 7

27 17

29 17

37 18

54 19

54 12

18 30

30 28

Mean ≈ 32.89 Mean ≈ 27.33

Here, dominant mean - nondominant mean ≈ 5.56.
Because of the chance involved in stacking pennies, it would be 

very unusual to get the same mean number of pennies stacked by the 
two groups. Even if the same person stacks pennies twice with the 
same hand, he or she is unlikely to end up with the same number.

TECHNOLOGY NOTE 

These data are in CPMP-Tools 

but it would be best to use 

data from your students.
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Randomization Test

 Step 1.  Assume that which treatment each subject gets makes absolutely no 
difference in his or her response. In other words, assume the subjects 
in the experiment would give the same response no matter which 
treatment they receive. In the next two steps, you will see if this 
assumption is plausible.

 Step 2.  Simulate the experiment.
    •  Write the name of each subject along with his or her 

response on a card.
    • Randomly divide the cards into two treatment groups.
    • Compute the mean for each treatment group.
    • Find the difference of these means.
    •  Repeat this many times until you can see the shape of the 

distribution of differences.

 Step 3.  Locate the difference from the actual experiment on the distribution 
you generated in Step 2.

 Step 4.  If the difference from the actual experiment is in the outer 5% of the 
distribution, conclude that the results are statistically signifi cant; 
that is, you have evidence that the treatments caused the difference 
in the mean response. If the difference is not in the outer 5% of the 
distribution, conclude that your original assumption was plausible. 
The difference can reasonably be attributed solely to the particular 
random assignment of treatments to subjects.

Student Master • use with page 85 UNIT 1 • Reasoning and Proof 53
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b. If which hand was used made no difference, students would expect to 
stack about the same number of pennies with either hand.

c–d. INSTRUCTIONAL NOTE Responses will vary depending on your class 

results. If the randomization distribution shows a probability of 0.05 or 

less of getting a difference as extreme or even more extreme as the 

actual difference from your class, then you should conclude that the 

hand used made a difference.

For the sample data, using 1,000 runs in the “Randomization 
Distribution” feature of CPMP-Tools resulted in about 70 of the 1,000 
differences being above 5.56 or below -5.56. So, the probability of 
getting a difference as extreme as 5.56 just by chance is about 0.070.

e. For the data above, conclude that you do not have evidence that the 
hand used made any difference.

TECHNOLOGY NOTE If the software is not available, write the numbers of pennies 

stacked by the members of your class on identical small slips of paper. Mix them up 

well. Draw out half of them to represent the students who used their dominant hand. 

Compute the mean number of pennies stacked. Compute the mean for the remaining 

slips of paper (that represent those using their nondominant hand). Subtract 

dominant mean - nondominant mean. Repeat until you have 100 differences.

FORMAL WORDING OF THE LOGIC OF RANDOMIZATION TESTS

•  Suppose that each subject will respond the same way no matter which treatment 

he or she gets. Call this the null hypothesis.

•  Randomly divide the available subjects into the two treatment groups, give the 

treatments, and record the responses.

•  Generate a randomization distribution that shows the difference in the mean 

response from many different possible randomizations of the subjects to the 

treatments, still assuming that the null hypothesis is true.

•  Decide if the difference from the actual experiment would be extreme (a rare 

event) if the null hypothesis is true.

•  If not, you cannot reject the null hypothesis. If so, you can reject the null 

hypothesis and conclude that the treatments did make a difference in the 

mean response.
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6  a. Yes. The treatments were assigned randomly to the plants. Ten plants 
turns out to be enough per treatment to see a statistically significant 
effect (but students will not know that until Part d). There are two 
treatments being compared.

b. Treatment A appears to be better because there is less growth, 
on average, and there is not a lot of overlap between the 
two distributions.

c. Begin by making the assumption that the particular treatment each 
plant got made no difference in its growth. Write the 20 measurements 
representing the 20 plants on 20 slips of paper. Mix them thoroughly 
and deal out 10 to be “given” treatment A. The rest of the plants will 
be “given” treatment B. Because we are assuming that the treatment 
makes no difference in the growth, the response for each plant will 
be the same as in the actual experiment. Compute the mean for each 
treatment group and subtract: mean for A - mean for B. Repeat this 
many times until you see the shape of the distribution. Alternatively, 
you could use the “Randomization Distribution” feature of the data 
analysis software in CPMP-Tools.

d. The distribution of 500 runs of random assignment using CPMP-Tools 
gave no difference as extreme as -9.70. (Adding five new means to 
the histogram on the student master will not change its general shape.)

e. The difference from the actual experiment is mean for A - mean 
for B = 43.05 - 52.75 = -9.70. There is almost no chance of getting 
a difference at least as extreme as -9.70 if the type of growth inhibitor 
makes no difference.

f. Conclude that the difference from the actual experiment is so large that 
it must be a result of the growth inhibitors and not just a result of the 
particular random assignment of treatments to plants. The difference is 
statistically significant.

INSTRUCTIONAL NOTE 

Be sure that students 

understand that the table in 

the student text gives the 

amount of growth during the 

subsequent 10 weeks. That 

is, each response is the 

difference final height - initial 

height. Thus, smaller numbers 

are better.

NOTE The probability of 

getting a difference as 

extreme or even more 

extreme than that from the 

actual experiment, under the 

assumption that the 

treatments have the same 

effect, is called the P-value.

NOTE Treatment A works 

better but notice that there is 

more variability in the results 

from treatment A. That is 

common in experiments. 

When a treatment works, it is 

common for the experimental 

units given that treatment to 

show more variability than 

experimental units given a 

less effective treament. When 

a treatment is not effective, 

similar experimental units tend 

to behave the same way.
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Summarize 
 the Mathematics

In this investigation, you explored the randomization test. 

This test is one method of determining whether a difference 

between two treatment groups can be reasonably attributed 

to the random assignment of treatments to subjects or 

whether you should believe that the treatments caused the 

difference.

a  Explain why this statement is true: Even if the response for 

each subject would be the same no matter which treatment he 

or she receives, there is almost always a nonzero difference in 

the means of the actual responses from the two treatments.

b  What does it mean if the results of an experiment are called 

“statistically signifi cant”?

c  Explain the reasoning behind the steps of a randomization test.

d  Explain how this statement applies to the reasoning in this 

unit: Statistical reasoning is different from mathematical proof 

because in statistics, you can never say you are certain.

Be prepared to share your responses and thinking with 

the class.

54 UNIT 1 • Reasoning and Proof Transparency Master • use with page 87
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Summarize 
 the Mathematics

a  Even if the two treatments would not differ in their effect on a given 

subject, there will almost always be a nonzero difference in the means 

of the responses because (1) the subjects in the two treatment groups 

were not exactly alike before the treatment was applied and (2) it is 

very unusual in any situation involving chance for things to work out 

exactly as expected (for example, it would be very unusual to flip a 

coin 1,000 times and get exactly 500 heads).

b  “Statistically significant” means that it is unreasonable to attribute 

the results from the experiment solely to the random assignment of 

treatments to subjects. In other words, the researcher is saying that he 

or she believes that the results of the experiment establish that one 

treatment causes a larger mean response than the other. 

c  Begin by making the assumption that the particular treatment each 

subject received made no difference in its response. You have to make 

this assumption in order to create the randomization distribution, but 

you may reject it later as not plausible. Write the name of each subject 

on a slip of paper, mix the slips thoroughly, and deal out the same 

number as received in the first treatment. The rest of the subjects will 

be “given” the second treatment. Because you are assuming that the 

treatment makes no difference in the response, the response for each 

subject will be the same as in the actual experiment. Compute the 

mean for each treatment group and subtract mean for first treatment - 

mean for second treatment. Repeat this many times until you see the 

shape of the distribution. If the difference from the actual experiment 

is not in a tail of the distribution, then there is no reason to abandon 

the assumption that the treatments made no difference. If the 

difference from the actual experiment is in a tail of the randomization 

distribution, the assumption that the treatments made no difference is 

not plausible. Conclude that the treatments caused the difference in 

the mean response. The reasoning is similar to that of proof by 

contradiction. If you suspect something is true, assume the opposite 

and then look for evidence that this assumption leads to something 

that is not plausible.

d  No matter which conclusion you come to after an experiment, you 

could be wrong. For example, it is possible that if there were more 

subjects in the scented masks experiment, then the difference in the 

means would be statistically significant. On the other hand, it is 

possible that the two treatments in the chrysanthemum experiment 

really do not have a different effect on the plants, but the ones that 

were going to grow less just happened to be assigned to treatment A. 

The probability of that is very small, however, as shown by the 

randomization distribution.

NOTE Solutions to Problem 6 

Parts d–f are on page T86.
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Lecture Ratings

Check Your Understanding

Treatment Mean Standard Deviation Number of Students

Charismatic 2.61 0.53 25

Punitive 2.24 0.54 24

Student Master • use with page 87 UNIT 1 • Reasoning and Proof 55
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0.0 1.0
Rating of Teacher

2.0 3.0
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Check Your Understanding

a. The two treatments are (1) being told before seeing the lecture that the 
instructor was thought to be charismatic and (2) being told that the 
instructor was thought to be punitive.

b. Although there is some overlap in the distributions of the responses, it looks 
like it would be unreasonable to attribute the difference in the means of the 
distributions to chance alone.

c. Begin by making the assumption that the particular treatment each 
subject received made no difference in his or her response. Write the 
49 measurements representing the 49 subjects on 49 slips of paper. Mix 
them thoroughly and deal out 25 to represent the students who will get 
the “charismatic” treatment. The remaining 24 subjects will be “given” the 
“punitive” treatment. Because we are assuming that the treatment makes no 
difference in the response, the response for each subject will be the same as 
in the actual experiment. Compute the mean for each treatment group and 
subtract mean for charismatic treatment - mean for punitive treatment.

d. The difference from the actual experiment is mean for charismatic 
treatment - mean for punitive treatment = 2.61 - 2.24 = 0.37. This 
difference does not seem large, but a difference this extreme happened 
only once in 100 runs. The estimated probability is 0.01.

e. Conclude that the difference from the actual experiment is so large that it 
must be caused by the difference in the two treatments and is not just a 
result of the particular random assignment of treatments to students. The 
difference is statistically significant.

INSTRUCTIONAL NOTE 

These data are in CPMP-Tools. 

Students may wish to create a 

distribution that has 500 or 

more runs to answer this 

Check Your Understanding.
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Test on Factoring into Primes

Circle the correct answer. There is no penalty for guessing, so if you do not know, guess.

 1. The largest known prime is 230,402,457 - 1. How many digits does it have?

 A 9,152,051 B  9,152,052

 2. Twin primes are a pair of primes that differ by 2, such as 3 and 5 or 29 and 31. How many pairs of 
twin primes exist where both numbers are less than one million?

 A 137 B  8,169

 3. If you factor 17,422,457,186,352,049,329,324,779,900,065,324,265,471 into primes, how many 
different primes are there?

 A 1 B  2

 4. If you factor 5,439,042,183,600,204,290,159 into primes, how many different primes are there?

 A 1 B  2

 5. What is the 1,000th prime?

 A 7,919 B  7,927

 6. What do you get if you add up the reciprocals of all of the primes?

       1 __ 2   +   1 __ 3   +   1 __ 5   +   1 __ 7   +   1 __ 11   + …

 A about 10 B  about 50 C  neither of these

 7. Suppose you factor 26! into primes. How many times does 5 appear as a factor?

 A 5 B  6

 8. How many perfect squares evenly divide 7,200 = 253252?

 A 10 B  12

NUMBER CORRECT ______________________
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Randomization Distribution

The instructions below are provided for the data analysis software in CPMP-Tools found at 
www.wmich.edu/cpmp/CPMP-Tools.

Instructions Expected Display

To produce a random distribution for an 
experiment, select the Course 3 Statistics 
menu.

Select “Randomization Distribution” and 
the data set needed. Then choose OK 
two times.

If you enter your own data set, select 
“Randomization Distribution” from the 
Statistics menu.

CPMP-Tools
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Notice that the responses from one 
treatment are printed in red and the 
responses from the other treatment are 
printed in blue. The difference in the 
means is displayed as a red vertical line 
and numerically below the histogram. 

To adjust the histogram settings, 
choose options, Histogram Settings 
to display the Min x and Bin width 
(histogram width).

Then press Start to produce random 
assignments of the responses to 
treatments. Watch the red and blue 
responses being randomly assigned to 
the two treatments. For each random 
assignment, the difference of means 
will be calculated and added to the 
histogram.

Choose Label Bars under the Options 
menu to display the frequency of 
each bar.
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