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74 UNIT 1 • Reasoning and Proof

4

Statistical Reasoning 
In the first three lessons of this unit, you explored how 
mathematical statements can be proved using algebraic and geometric 
reasoning. The reasoning was deductive—it involved showing that 
the conclusion followed logically from definitions, accepted postulates 
or properties, and theorems. If the reasoning was correct, you could 
be certain about the truth of the conclusion. However, problems 
in life that involve data also involve variability, randomness, 
or incomplete information. This means that you can never be 
completely certain that you have come to the correct conclusion. 
In such situations, statistical reasoning can help you come to a 
reasonable conclusion, backed by convincing evidence.

Advances in fields such as science, education, and medicine 
depend on determining whether a change in treatment causes 
better results.

Is a particular drug more effective against acne 
than doing nothing?

Does a sprain heal faster if the part is exercised 
or if it is rested?

Does listening to Mozart make people smarter?

You can get convincing evidence about such questions 
only by carrying out properly designed experiments.
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LESSON 4 • Statistical Reasoning 75

With your class, perform an experiment to decide whether 
students can, on average, stack more pennies with their 
dominant hand (the hand with which they write) or with 
their nondominant hand. First, agree on the rules. Can you 
touch a penny again after you have stacked it? Can your 
elbow rest on the table? Then, randomly divide your class 
into two groups of about equal size. The students in one 
group will stack pennies using only their dominant hand. 
The students in the other group will use their nondominant 
hand. Each student will count the number of pennies he or 
she stacks before a penny falls.

Think About 

 This Situation

Think about the design of this penny-stacking experiment and how you would 

interpret the results.

a  Why is it important to agree on rules (a protocol ) for how you must stack the pennies?

b  Why is it important to divide your class into the two groups at random?

c  Complete this experiment and then organize your data using plots and summary 

statistics. (Save the data, as you will need them in Investigation 2.)

d  What can you conclude? Have you proved that, for students your age, one hand tends to 

be better than the other in stacking pennies? Why or why not?

In this lesson, you will learn how to design a good experiment and how 
to use statistical reasoning to decide whether one treatment (using the 
dominant hand) causes a better result (number of pennies stacked) than 
another treatment (using the nondominant hand). You will also explore 
reasoning from a sample to a population as in the case of predicting the 
results of an election from polling a sample of voters.

 Invest igation 1  Design of Experiments

Statistical reasoning involves these steps.

• Formulate a question that can be answered with data.

• Collect data.

• Display and summarize the data.

• Interpret the results and make generalizations.
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LESSON 4 • Statistical Reasoning 81

 Invest igation 2  By Chance or from Cause?

In the previous investigation, you learned the importance of randomly 
assigning treatments to the subjects in an experiment. With randomization, 
you trust that any initial differences among the subjects get spread out fairly 
evenly between the two treatment groups. Consequently, you feel justified 
in concluding that any large difference in response between the two groups 
is due to the effect of the treatments. In this investigation, you will learn 
a technique for making inferences (drawing valid conclusions) from 
an experiment.

As you work on the problems in this investigation, look for answers to 
this question:

How can you decide whether the difference in the mean responses 
for the two groups in your experiment happened just by chance 

or was caused by the treatments?

1  To illustrate what happens when treatments are equally effective, your 
class will perform a simple but well-designed experiment to determine 
whether a calculator helps students perform better, on average, on a 
test about factoring numbers into primes.

• Each student should write his or her name on a small card.

• Divide your class at random into two groups of about equal 
size by having one person shuffle the name cards and deal 
them alternatively into two piles. One group will get the 
“calculator” treatment and the other group will get the 
“pencil-and-paper” treatment.

• Using the treatment assigned to you, answer the questions 
on the test provided by your teacher. If you do not know an 
answer for sure, make the best guess you can so that you 
have an answer for all eight questions.

• Grade your test from the answers provided by your teacher. 
Report the number of questions that you got correct as 
your response.

a. Was a calculator any help on this test? Should the treatment you 
received make any difference in your response?

b. Make a list of the responses for each treatment. Then, for each 
treatment, prepare a plot of the number correct and calculate 
appropriate summary statistics.

c. To the nearest hundredth, compute the difference: 
mean of calculator group - mean of pencil-and-paper group. 
Is there a difference in the mean response from the two 
treatment groups?

d. Why did you get a difference that is not zero even though which 
treatment you received should not matter?
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82 UNIT 1 • Reasoning and Proof

2  Now, explore what the size of the difference in the mean responses in 
Problem 1 Part c would have been if the randomization had placed 
different students in the two treatment groups, but each student’s 
response was exactly the same.

a. On each name card, record the number of correct responses for 
that student.

 i. Divide your class at random once again by shuffling the 
name cards and dealing them into two piles representing 
the calculator treatment and the pencil-and-paper treatment. 
To the nearest hundredth, what is the difference: 
mean of calculator group - mean of pencil-and-paper group? 

 ii. Construct an approximate distribution of the possible 
differences of means by repeating the above process. Do this, 
sharing the work, until you have generated a total of at least 
50 differences. 

b. Where is your distribution centered? Why does this make sense?

c. Is the difference in the means from the original experiment 
(Problem 1 Part c) so extreme that it falls in the outer 5% of the 
distribution? In other words, would the difference be a rare event if 
it had been generated by chance alone?

d. If so, what can you conclude? If not, what can you conclude?

3  Researchers at the Smell & Taste Foundation were interested in the 
following question.

Can pleasant aromas improve ability to complete a task?

 They randomly assigned volunteers to wear an unscented mask or 
to wear a floral-scented mask. The subjects then completed two 
pencil-and-paper mazes. The time to complete the two mazes 
was recorded. Data were recorded separately for smokers and 
nonsmokers as smoking affects the sense of smell. Results 
for the 13 nonsmokers are given in the table below.

       
Unscented Mask 

(in seconds)
Scented Mask 
(in seconds)

38.4 38.0

72.5 35.0

82.8 60.1

50.4 44.3

32.8 47.9

40.9 46.2

56.3

Source: Hirsch, A. R., and Johnston, L. H. “Odors and 
Learning,” Smell & Taste Treatment and Research 
Foundation, Chicago. DASL library, lib.stat.cmu.edu/
DASL/Datafiles/Scents.html
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LESSON 4 • Statistical Reasoning 83

a. Does this study have the three characteristics of a well-designed 
experiment?

b. Why did some subjects have to wear an unscented mask?

c. Compute summary statistics and make plots to help you decide 
whether one type of mask results in shorter times to complete 
the mazes.

d. From your summaries, you found that people who wore the 
unscented mask took an average of 8.19 seconds longer to 
complete the mazes than people who wore the scented mask. 
Do you think that the scented mask causes a shorter mean time 
to complete the mazes or do you think that the difference of 
8.19 seconds is no more extreme than you would expect just 
by chance?

4  Assume that the type of mask in Problem 3 makes absolutely no 
difference in how long it takes a person to complete the mazes.

a. Why would you expect there to be a nonzero difference anyway in 
the mean times for the two treatments?

b. How long should it take the people who wore the unscented 
masks to complete the mazes if they had worn scented 
masks instead?

c. Now suppose that you are the researcher beginning this 
experiment and need to pick 7 of the 13 nonsmokers to wear the 
unscented mask.

•  Write, on identical slips of paper, the 13 maze-completing times 
given in the table on page 82.

•  Mix them up well. Draw 7 of them to represent the 7 people 
who will wear the unscented mask. Compute their mean time. 
Compute the mean time of the remaining 6 people.

•  Subtract: unscented mean - scented mean.

Compare your result with that of others.

 Epigraphics, Inc. Core Plus Course 3 SE ©2010  

  1st pass  2nd pass  3rd pass  4th pass  5th pass  Printer PDF

074-101_U1L4-877261.indd   83 6/19/08   1:33:58 PM



84 UNIT 1 • Reasoning and Proof

d. A faster way to construct an approximate distribution from many 
randomizations is to use statistical software to randomly select 
groups. The “Randomization Distribution” feature of CPMP-Tools 
created this approximate distribution of possible differences 
(unscented mean - scented mean).

 The display shows 1,000 runs of randomly assigning the 13 times 
required to complete the mazes to either the unscented mask 
treatment (7 times) or the scented mask treatment (6 times). Out 
of these 1,000 differences, about how many times is the difference 
at least as extreme as 8.19 seconds? If the scent made absolutely 
no difference, estimate the probability that you would get a 
difference as extreme as 8.19 seconds just by random chance.

e. Which of the following is the best conclusion?

•  The difference of 8.19 from the actual experiment is extreme, 
so you should abandon your supposition that the scent made 
no difference.

•  It is quite plausible that the scent does not affect the time to 
complete the maze. In other words, a difference of 8.19 seconds 
would not be unusual if the scent made no difference and you 
randomly divide the subjects into two groups.

5  Look back at the results of your penny-stacking experiment in the 
Think About This Situation on page 75.

a. Compute the difference for your class: mean number of pennies 
stacked by those using their dominant hand - mean for those 
using their nondominant hand. Suppose that the hand people use 
makes absolutely no difference in how many pennies they can 
stack. Why, then, would there almost always be a nonzero 
difference in every class that does this experiment?
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LESSON 4 • Statistical Reasoning 85

b. If which hand you used made absolutely no difference, how many 
pennies would you have been able to stack if you had used your 
other hand?

c. Use the “Randomization Distribution” feature of CPMP-Tools to 
create an approximate distribution of the possible differences 
(dominant hand mean - nondominant hand mean). Run at least 
500 random assignments, continuing until the shape of the 
distribution stabilizes.

d. How many times did you get a simulated difference as extreme as 
what you got in your experiment? If which hand you use makes no 
difference, estimate the probability that you would get a difference as 
extreme as what you got in your experiment just by random chance.

e. Should you conclude that the hand you used made a difference?

The reasoning that you followed in Problems 1–5 to decide whether the 
results of an experiment provide convincing evidence that different treatments 
cause a different mean response is called a randomization test (or, 
sometimes, permutation test). The steps below summarize this reasoning.

 Step 1.   Assume that which treatment each subject gets makes 
absolutely no difference in his or her response. In other 
words, assume the subjects in the experiment would give the 
same response no matter which treatment they receive. In the 
next two steps, you will see if this assumption is plausible.

 Step 2.  Simulate the experiment.

•  Write the name of each subject along with his or her 
response on a card.

•  Randomly divide the cards into two treatment groups.

•  Compute the mean for each treatment group.

•  Find the difference of these means.

•  Repeat this many times until you can see the shape of the 
distribution of differences.

 Step 3.   Locate the difference from the actual experiment on the 
distribution you generated in Step 2.

 Step 4.   If the difference from the actual experiment is in the outer 5% 
of the distribution, conclude that the results are statistically 
significant. That is, you have evidence that the treatments 
caused the difference in the mean response. If the difference 
is not in the outer 5% of the distribution, conclude that your 
original assumption was plausible. The difference can be 
reasonably attributed solely to the particular random 
assignment of treatments to subjects.
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86 UNIT 1 • Reasoning and Proof

6  Chrysanthemums with long stems are likely to have smaller flowers 
than chrysanthemums with shorter stems. An experiment was 
conducted at the University of Florida to compare growth inhibitors 
designed to reduce the length of the stems, and so, increase the size 
of the flowers. Growth inhibitor A was given to 10 randomly selected 
plants. Growth inhibitor B was given to the remaining 10 plants. The 
plants were grown under nearly identical conditions, except for the 
growth inhibitor used. The table below gives the amount of growth 
during the subsequent 10 weeks. 

Growth by 
Plants Given A 

(in cm)

Growth by 
Plants Given B 

(in cm)

46  51

41.5  55

45  57

44  57.5

41.5  53

50  45.5

45  53

43  54.5

44  55.5

30.5  45.5

   Source: Ann E. Watkins, Richard L. Scheaffer, and 
George W. Cobb, Statistics in Action, 2nd Ed. Key 
Curriculum Press, 2008, p. 802.

a. Does this experiment have the three characteristics of a 
well-designed experiment?

b. Examine the following summary statistics and plots. Which growth 
inhibitor treatment appears to be better?

Treatment Mean
Standard
Deviation

Number of 
Plants

A 43.05 5.04 10

B 52.75 4.28 10

Growth
(in cm)

Inhibitor A

30 35 40 45 50 55 60

Growth
(in cm)

Inhibitor B

30 35 40 45 50 55 60

c. Describe how to use a randomization test to decide whether, on 
average, one growth inhibitor works better than the other.
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LESSON 4 • Statistical Reasoning 87

d. Use the “Randomization Distribution” feature of CPMP-Tools 
to create an approximate distribution of possible differences 
(growth inhibitor A mean - growth inhibitor B mean). Run at 
least 500 random assignments. 

e. If the type of growth inhibitor makes no difference, what is your 
estimate of the probability of getting a difference at least as 
extreme as the difference from the actual experiment? 

f. What is your conclusion? Is the difference statistically significant?

Summarize 
 the Mathematics

In this investigation, you explored the randomization test. This test is one method of 

determining whether a difference between two treatment groups can be reasonably 

attributed to the random assignment of treatments to subjects or whether you 

should believe that the treatments caused the difference.

a  Explain why this statement is true: Even if the response for each subject would be the 

same no matter which treatment he or she receives, there is almost always a nonzero 

difference in the means of the actual responses from the two treatments.

b  What does it mean if the results of an experiment are called “statistically significant”?

c  Explain the reasoning behind the steps of a randomization test.

d  Explain how this statement applies to the reasoning in this unit: Statistical reasoning is 

different from mathematical proof because in statistics, you can never say you are certain.

Be prepared to share your responses and thinking with the class.

Check Your Understanding
Forty-nine volunteer college students were randomly assigned to two 
treatments. Twenty-five students were told that they would view a video 
of a teacher who other students thought was “charismatic”: lively, 
stimulating, and encouraging. The remaining twenty-four students were 
told that the instructor they would view was thought to be “punitive”: 
not helpful, not interested in students, and a hard grader. Then all 
students watched the same twenty-minute lecture given by the same 
instructor. Following the lecture, subjects rated the lecturer. The students’ 
summary ratings are given below. Higher ratings are better.

Charismatic: 1  2 _ 3  , 3, 1  2 _ 3  , 2  1 _ 3  , 4, 2  1 _ 3  , 2, 2  2 _ 3  , 2  2 _ 3  , 2  1 _ 3  , 3  1 _ 3  , 2  1 _ 3  , 

 2  1 _ 3  , 2  2 _ 3  , 3, 2  2 _ 3  , 3, 2, 2  1 _ 3  , 2  2 _ 3  , 3, 3  1 _ 3  , 3, 2  2 _ 3  , 2  1 _ 3  

Punitive: 2  2 _ 3  , 2, 2, 1  1 _ 3  , 1  2 _ 3  , 2  1 _ 3  , 2  2 _ 3  , 2, 1  2 _ 3  , 1  1 _ 3  , 2  1 _ 3  , 2, 

 2  1 _ 3  , 2  1 _ 3  , 2  1 _ 3  , 2  1 _ 3  , 1  2 _ 3  , 3  2 _ 3  , 2  1 _ 3  , 2  2 _ 3  , 2, 2  1 _ 3  , 2  1 _ 3  , 3  1 _ 3  
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88 UNIT 1 • Reasoning and Proof

Treatment Mean
Standard
Deviation

Number of 
Students

Charismatic 2.61 0.53 25

Punitive 2.24 0.54 24

0.0 1.0
Rating of Teacher

2.0 3.0

Punitive

Charismatic

4.0

 Source: www.ruf.rice.edu/%7Elane/case_studies/instructor_reputation/index.html (Their source: Towler, 
Annette., & Dipboye, R. L. (1998). The effect of instructor reputation and need for cognition on student 
behavior—poster presented at American Psychological Society conference, May 1998.)

a. What are the two treatments? 

b. From the box plots and summary statistics, does it look like the 
two treatments cause different responses? Explain.

c. Describe how to perform one run for a randomization test to 
decide whether the two different treatments result in different 
mean ratings.

d. The randomization distribution below shows mean charismatic - 
mean punitive for 100 runs. Use the histogram to estimate the 
probability of getting a difference as extreme as that from the 
actual experiment if the treatment makes no difference.
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e. What is your conclusion? Is the difference statistically significant?
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