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You saw in the last lesson that counting problems arise in many different contexts,
for example, clothing and menu choices, telephone numbers, computer pass-
words, automobile license plates, club committees, card games, and binary
strings. The counting methods you learned are used throughout mathematics—in
algebra, geometry, probability, graph theory, and other areas.

Think About This Situation

Consider the question “How many?” in the following mathematical contexts. 

Suppose you write (a + b)2 in standard polynomial form. How many
terms are in the expanded form? How many terms would be in the
expansion of (a + b)3? In the expansion of (a + b)n?

Given five points, no three of which are collinear, how many different
triangles can be formed?

Suppose you flip a coin three times. How many sequences of heads and
tails are possible? How many of the possible sequences have exactly
two heads? What is the probability of getting exactly two heads when
you flip a coin three times?

Recall that a complete graph is a vertex-edge graph with exactly one
edge between each pair of vertices. How many edges does a complete
graph with four vertices have? How about a complete graph with five
vertices? What would be the generalized counting question?

In this lesson, you will investigate applications of counting in probability and
algebra. In the MORE set and in Lesson 3, you will explore counting applications
in geometry and discrete mathematics.
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Counting Throughout
MathematicsLesson2

Paul Erdös (1913–1996) is
regarded as one of the top 10
mathematicians of the last cen-
tury. He did significant work in
combinatorics, number theory,
geometry, graph theory, and set
theory, writing over 1,500
mathematical papers. He
helped create the probabilistic
method and much of discrete
mathematics.
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Counting and Multiplication Rules 
for Probability

Counting methods are often useful when trying to determine probabilities. This is
especially true when there are a finite number of outcomes, all of which are equal-
ly likely. In this case, the probability of an event A can be defined as

P(A) = 

Thus, when all the outcomes are equally likely, you can determine the probabili-
ty of an event by counting the number of favorable outcomes and dividing by the
number of possible outcomes.

1. Consider the experiment of rolling two dice,
one red and one blue, where an outcome is the
number of spots showing on each die face up.
For example, (3, 5) denotes the outcome of
getting 3 on the red die and 5 on the blue die.

a. Are all the outcomes equally likely? What is the total number of possible
outcomes?

b. Consider the event of getting doubles. How many outcomes are “favor-
able” to this event?

c. What is the probability of getting doubles when rolling two dice?

2. In a certain state lottery, a player fills out a ticket by choosing five “regular”
numbers from 1 to 45, without repetition, and one PowerBall number from 1
to 45. The goal is to match the numbers with
those drawn at random at the end of the week.
The regular numbers chosen do not have to be
in the same order as those drawn.

a. How many different ways are there to fill out
a ticket?

b. A player wins the jackpot by matching all
five regular numbers plus the PowerBall
number. This is called “Match 5 + 1.” How
many different ways are there to fill out a
ticket that is a “Match 5 + 1” winner?
What is the probability of the event “Match
5 + 1”?

c. A player wins $100,000 by matching the five regular numbers but not the
PowerBall number. This is called “Match 5.” What is the probability of
getting a “Match 5” winner?

number of favorable outcomes
����
total number of possible outcomes
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d. A player wins $5,000 for “Match 4 + 1.” What is the probability of getting
a “Match 4 + 1” winner?

3. Suppose you toss a fair coin four times and observe the sequence of heads and
tails.

a. How many possible outcomes are there? Describe two ways of determin-
ing this number. Are the outcomes equally likely?

b. Suppose you record the number of heads from the four tosses. Find the fol-
lowing probabilities.

� P(four heads)

� P(exactly one head)

� P(at least three heads)

c. Recall that the Multiplication Rule for independent events states that if A
and B are independent events, then P(A and B) = P(A) � P(B). Show how
to calculate the probabilities in Part b using the Multiplication Rule. (You
may also use the Addition Rule for mutually exclusive events.)

4. Suppose you have the names of six boys and four girls on slips of paper in a
hat. You draw a slip of paper, note the name, and return the slip of paper to
the hat. You then draw again and note the name.
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a. Can you use the Multiplication Rule for independent events to find the
probability that the first name drawn is a girl’s name and the second name
is a boy’s name? If so, illustrate. If not, explain why not.

b. Compute this probability using the Multiplication Principle of Counting
and the definition of probability given at the beginning of this investigation.
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5. Suppose again you have the names of six boys and four girls on slips of paper
in a hat. You draw one name, but this time you do not return the slip of paper
to the hat. Then you draw a second name.

a. Explain why you cannot use the Multiplication Rule for independent
events to find the probability that the first name drawn is a girl’s name and
the second name is a boy’s name.

b. To find the probability that the first name drawn is a girl’s name and the
second name drawn is a boy’s name, you can use the General Multipli-
cation Rule for any two events:

If A and B are events, then P(A and B) = P(A) � P(B given A).

P(B given A) is sometimes written as P(B|A). Answer the following ques-
tions for drawing two names from a hat without replacement.

� What will you use as event A? Find P(A).

� What will you use as event B? Find P(B|A).

� Find the probability that the first name drawn is a girl’s name and the
second name is a boy’s name.

c. Find this probability using the Multiplication Principle of Counting and
the definition of probability given at the beginning of this investigation.

d. Compare the probability you determined in this activity to the probability
you determined in Activity 4. The events are the same in the two activities,
yet the probabilities are different. Explain why it makes sense that one
probability is larger than the other.

e. Extend the General Multiplication Rule to find the probability that all
names drawn are those of girls if you draw four names without replace-
ment. Also, find this probability using the Multiplication Principle of
Counting and the definition of probability given at the beginning of this
investigation.

6. Suppose that there are 50 people in a jury pool and 15 of them are Native
Americans. Jurors are selected at random without replacement.
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a. What is the probability that the first and second people selected are both
Native Americans?
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b. What is the probability that neither of the first two people selected is a
Native American?

c. What is the probability that exactly one person of the first two selected is
a Native American?

Checkpoint

In this investigation, you used counting methods to help calculate probabilities.

Under what conditions can you calculate the probability of an event by
using the following ratio?

What is the difference between “with replacement” and “without
replacement” in a probabilistic (chance) situation? What is the connec-
tion to independent trials? What is the connection to “repetition” and
“no repetition”?

When can you calculate probabilities using the Multiplication Rule
P(A and B) = P(A) � P(B)? When do you need to use the General
Multiplication Rule?

How are the Multiplication Rule and the General Multiplication Rule
for probability similar to the Multiplication Principle of Counting?
How are they different?

Be prepared to explain your thinking to the entire class.

On Your Own

Consider the following probability and counting situations.

a. Suppose you roll a die three times.

� What is the probability that you get an even number on the first roll, a num-
ber greater than four on the second roll, and a number less than six on the
third roll? Show how to use the Multiplication Rule for independent events
to find this probability.

� Explain how to use the Multiplication Principle of Counting to find this
probability.
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number of favorable outcomes
����
total number of possible outcomes
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b. In Iowa in 2002, a license plate had six characters. The first three characters
were numbers and the last three were letters. Suppose that no numbers or let-
ters could be repeated. What is the probability that a randomly-chosen license
plate had three even numbers?

Combinations, the Binomial Theorem,
and Pascal’s Triangle

In this investigation, you will explore some of the properties of combinations and
their applications in algebra. One of the most interesting and useful properties of
combinations is found in the analysis of binomial expressions of the form (a + b)n.

1. Think about expanding (a + b)n. In particular, think about the coefficients of the
terms in the expansion. For example, (a + b)2 = (a + b)(a + b) = a2 + 2ab + b2.
The coefficients are 1, 2, and 1. There is an important connection between
combinations and the coefficients of the terms in the expansion of (a + b)n.
Investigate this connection by expanding (a + b)n for several values of n.

a. Using paper and pencil, expand (a + b)n for n = 0, 1, 2, 3, and 4. See the
computer algebra system output below for the cases of n = 5 and n = 6.

b. Examine and organize the coefficients of the expansions. Describe any pat-
terns in the coefficients. Describe any connections you see to combinations.

2. You might organize your work from Activity 1 as follows:

coefficients of (a + b)0 1

coefficients of (a + b)1 1 1

coefficients of (a + b)2 1 2 1

coefficients of (a + b)3 1 3 3 1

coefficients of (a + b)4 1 4 6 4 1

a. Continue this array of numbers, using the coefficients from (a + b)5 and
(a + b)6.
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INVESTIGATION 2

expand ((a+b)5)

a5 + 5.a4.b + 10.a3.b2 + 10.a2.b3

+ 5.a b4 + b5

expand ((a+b)6)

a6 + 6.a5.b + 15.a4.b2 + 20.a3.b3

+ 15.a2.b4 + 6.a.b5 + b6
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b. Describe any patterns you see in this array of numbers. In particular,
describe how you could compute the numbers in a specific row of the array
by using the numbers in the previous row.

c. Based on the pattern in the array, what do you think is the expansion of (a + b)7?
Check your conjecture by carrying out the expansion, by hand or with a com-
puter algebra system.

3. The triangular array of numbers in Activity 2 is
called Pascal’s triangle. It is named for the
French philosopher and mathematician Blaise
Pascal (1623–1662). He explored many of its
properties, particularly those related to the
study of probability. Although the triangle is
named for Pascal, other mathematicians knew
about it much earlier. For example, the triangu-
lar pattern was known to Chu Shih-Chieh
in China in 1303. (See Reflecting Task 2 on
page 253.)

Pascal’s Triangle

row 0 1

row 1 1 1

row 2 1 2 1

row 3 1 3 3 1

row 4 1 4 6 4 1

The rules for constructing Pascal’s triangle (which you probably discovered
in Activity 2) are as follows: The top row, which is the top vertex of the tri-
angle, consists of the single number 1. Each succeeding row starts and ends
with 1. The remaining entries are constructed by looking at the row above.
Specifically, each number in a given row is found by computing this sum:

(the number just above and to the left) + (the number just above and to the right).

This is illustrated by the connector lines between 2, 1, and 3 in the triangle
above.

You can add rows to the triangle indefinitely. Use the rules above to add
rows 5 and 6 to the triangle. Compare to the rows for (a + b)5 and (a + b)6

that you determined in Activity 2.

4. In Activity 3, you saw a remarkable connection. On the one hand, you have
the coefficients of (a + b)n, which can be computed using algebraic multi-
plication. On the other hand, you have the numbers in Pascal’s triangle,
which are computed using the specific arithmetic rules given in Activity 3.
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Blaise Pascal
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You have seen that these two very different procedures generate the same
rows of numbers! Later in this lesson you will see why this connection holds.
But first, you need to consider a related connection between Pascal’s trian-
gle and combinations.

The rows of Pascal’s triangle are numbered starting with row 0. The
entries in a given row are also numbered beginning with 0. So the initial entry
in each row is labeled “entry 0,” the next entry is labeled “entry 1,” and so on.

a. Compute C(4, 2). Where is this number found in Pascal’s triangle (which
row and which entry)? What is the coefficient of the a2b2 term in (a + b)4?

b. Compute C(6, 4). Where is C(6, 4) found in Pascal’s triangle? What is the
coefficient of the a2b4 term in (a + b)6?

c. Now try to generalize your work in Parts a and b. Describe how to find
C(n, k) in Pascal’s triangle. Describe where in Pascal’s triangle you can
find the coefficient of the an – kbk term in (a + b)n.

5. So far in this investigation you have studied connections among three seem-
ingly different mathematical topics: coefficients in the expansion of (a + b)n,
numbers in Pascal’s triangle, and values of C(n, k). One of the most impor-
tant of these connections involves using combinations to expand (a + b)n.

Analyze the following reasoning that uses combinations to find the coef-
ficient of the a54b46 term in (a + b)100.

You know that (a + b)100 = (a + b)(a + b)(a + b) … (a + b) (100 factors).
To do this multiplication, you multiply each term in the first factor, that is,
a and b, by each term in the second factor, then by each term in the third
factor, and so on. You must multiply through all 100 factors. To get a54b46,
you need to multiply by b in 46 of the factors. That is, you must choose 46
of the 100 factors to be those where you use b as the multiplier (and in the
other factors a will be the multiplier). So the total number of ways to get
a54b46 is the number of ways of choosing 46 factors from the 100 factors,
which is C(100, 46). Hence, the coefficient of the a54b46 term in (a + b)100

is C(100, 46).

a. Use similar reasoning to find the coefficient of the a29b71 term in (a + b)100.

b. Discuss this reasoning with some of your classmates. Resolve any ques-
tions you may have. Based on this reasoning, use combinations to find the
coefficients for the expansion of (a + b)5. Confirm that your coefficients
match those in the computer algebra system display on page 245.

c. Use similar reasoning to find the coefficient of the a3b5 term in (a + b)8.

d. What is the coefficient of the an – kbk term in (a + b)n?
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6. The work in Activity 5 suggests the following general result, called the Bino-
mial Theorem. For any positive integer n,

(a + b)n = C(n, 0)an + C(n, 1)an � 1b + C(n, 2)an � 2b2 + … + C(n, k)an � kbk

+ … + C(n, n � 2)a2bn � 2 + C(n, n � 1)abn � 1 + C(n, n)bn.

a. Use the Binomial Theorem to expand (a + b)4. Verify that you get the same
answer as in Activity 1.

b. Use the Binomial Theorem to find the coefficient of a3b5 in (a + b)8. Com-
pare to the answer you found using combinatorial reasoning in Part c of
Activity 5.

c. Explain why the sum of the exponents of a and b in each term of (a + b)n

is n.

d. Explain why the coefficient of the an – kbk term is the same as the coeffi-
cient of the akbn � k term.

e. Use the Binomial Theorem to expand (2x � 3y)5. What are a and b in this
case?

7. Now that you’ve observed that the entries in Pascal’s triangle are values of
C(n, k), you can make conjectures about properties of combinations by look-
ing for patterns in Pascal’s triangle. Based on the symmetry and other patterns
in Pascal’s triangle, make at least two conjectures about properties of combi-
nations. State your conjectures using C(n, k) notation. Compare your
conjectures to those of other groups.

8. If you have not already done so in Activity 7, use the line symmetry in Pas-
cal’s triangle to make a conjecture about the precise relationship between
C(n, k) and C(n, n � k). You might find it helpful to examine a few examples
using specific values of n and k.

a. State the relationship you found in the specific instance when n = 8 and
k = 3. Prove this relationship in the following two ways:

� Use the factorial formula for C(n, k).

� Use combinatorial reasoning. That is, rather than using formulas, think
about how you might choose and count combinations. In this case, you
might find it helpful to think about how choosing 3 objects from 8
objects is the same as not choosing a number of objects.

b. Now prove the general property: C(n, k) = C(n, n � k), in two ways, as in
Part a.

� Use factorial formulas and algebraic reasoning.

� Use combinatorial reasoning by thinking about ways of choosing
objects.
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c. Which of the arguments in Part b was most convincing for you? Most
appealing? Why?

Checkpoint

You have seen several connections among combinations, the expansion of
algebraic expressions of the form (a + b)n, and Pascal’s triangle.

Describe these connections.

Explain how you can reason with combinations to find the coefficient
of the a2b5 term in (a + b)7.

Describe how to use Pascal’s triangle to find the coefficient of the a2b5

term in (a + b)7.

Describe how to use Pascal’s triangle to find C(7, 5).

Use combinatorial reasoning to prove that C(16, 4) = C(16, 12).

Be prepared to share your responses with the class.

On Your Own

Think about the relative advantages of algebraic, visual, and combinatorial
approaches to binomial expansions as you complete these tasks.

a. Expand (x + 2)3 in three ways:

� Multiply by hand.

� Use Pascal’s triangle.

� Use the Binomial Theorem.

b. Find the coefficient of the a4b2 term in (a + b)6 in three ways:

� Reason with combinations.

� Use Pascal’s triangle.

� Use the Binomial Theorem.
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